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THE VIBRATION OF SIMPLE SPAN HIGHWAY BRIDGES 


John M. Biggs,! A.M. ASCE., Herbert S. Suer,2 J.M. ASCE., 
and Jacobus M. Louw? 
(Proc. Paper 1186) 


SYNOPSIS 


The purpose of the investigation reported herein is to develop an analyti- 
cal method by which the magnitude and character of highway bridge vibration 
due to the passage of heavy vehicles can be predicted. A method of analysis 
based upon certain simplifying assumptions is presented. The accuracy of 
the method and the validity of the assumptions are investigated by compari- 
son with laboratory tests on model bridges. Tests of actual structures are 
used to prove the applicability of the method to field conditions. These tests 
also serve to indicate the field conditions which should be assumed for design 
purposes. Theoretical results obtained by both analog and digital computers 
are presented to show the effects of the various parameters involved. Final- 
ly, the problem is reduced to its simplest form and charts are provided 
which can be used to predict maximum dynamic deflections. The investiga- 
tion is limited to simple-span girder and stringer bridges loaded by single 
two-axle vehicles. 


NOTATION 


The letter symbols used in this paper are defined where they first appear 
and are assembled for convenience of reference in the Appendix. 


Note: Discussion open until August 1,1957. Paper 1186 is part of the copyrighted 
Journal of the Structural Division of the American Society of Civil Engineers, Vol. 
83, No. ST 2, March, 1957. 

1. Associate Prof. of Structural Eng., Massachusetts Inst. of Technology, 
Cambridge, Mass. 

2. Senior Structural Research Engr., North American Aviation, Inc., Downey, 
Calif.; formerly Research Asst., Massachusetts Inst. of Technology, 
Cambridge, Mass. 

3. Research Asst., Massachusetts Inst. of Technology, Cambridge, Mass., 
and post-M.Sc. Fellow of The South African Council for Scientific and 
Industrial Research. 
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ST 2 March, 1957 
INTRODUCTION 


The information currently available on highway bridge vibration is ex- 
tremely meagre. Previous theoretical developments#,° were either directed 
toward railway bridge vibration or did not consider the actual field conditions 
which are part of the engineering problem. This paper attempts to bridge 
the gap between theory and field test results. The latter are useful as check 
points for the theory but cannot alone provide a solution to the problem. 

Earlier field tests by the authors® lead to certain conculsions which form 
the basis for the investigation reported herein. The most important of these 
was the conclusion that the major factor which influences the amplitude of 
vibration is the vertical oscillation of the vehicle on its own springs as it ap- 
proaches the span. Although the magnitude of this oscillation depends upon 
the roughness of the approach roadway, this factor is of primary importance 
even on surfaces normally considered to be “smooth.” Except in extreme 
cases the condition of the surface on the bridge itself is of less importance 
and merely augments the initial oscillation of the vehicle. 

The conclusion stated above indicates that the dynamic behavior of the 
vehicle is a primary consideration in the study of bridge vibration. The lab- 
oratory and field tests reported herein therefore involve dynamic measure- 
ments on both bridge and vehicle. The theoretical development below takes 
into account the dynamic characteristics of the vehicle as well as those of 
the bridge. 


Theoretical Analysis 


The analysis presented here does not represent a new theoretical develop- 
ment but is rather a simplification of previously derived theory. The manner 
in which it is presented is intended to convey a clear physical concept of the 
behavior. The basic equations derived, however, are essentially a simplified 
form of those used by Inglis, Hillerborg, and others.? 

The form of the equations given below is believed to be such as to permit 
solution by the simplest possible computational methods. The equations are 
not theoretically exact but are sufficiently accurate to predict bridge vibra- 
tions for practical purposes. This is particularly true because the dynamic 
loading conditions for an actual structure can never be accurately predicted. 

The method of analysis is based upon the following simplifications and 
assumptions: 


4. “A Mathematical Treatise on Vibration in Railway Bridges,” by C. E. 
Inglis, Cambridge University Press, London, 1934. 

. “Dynamic Influences of Smoothly Running Loads on Simply Supported 
Girders,” by A. Hillerborg, Institution of Structural Engineering and 
Bridge Building, Royal Institute of Technology, Stockholm, 1951. 

. “Vibration Measurements on Five Simple Span Bridges,” by J. M. Biggs 
and H. S. Suer, Highway Research Board, Bulletin No. 124, 1956. 

. “Highway-Bridge Impact Problems,” by T. P. Tung, L. E. Goodman, 

T. Y. Chen, and N. M. Newmark, Highway Research Board, Bulletin 
No. 124, 1956. 
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1. Only the first mode of vibration is considered and the bridge is repre- 
sented as a simple beam. Thus the bridge may be replaced by a single- 
degree-of-freedom system. The error resulting from this simplification is 
not serious if we are only concerned with the dynamic deflection at mid-span. 


2. The vehicle is assumed to have only one degree of freedom. Actually 
a two-axle vehicle has many degrees of freedom since the mass is usually 
supported on four springs and four or more flexible tires. It is believed, 
however, that the important vehicle motion with respect to bridge vibration 
occurs when all of these elements are acting in phase. 


3. The entire weight of the vehicle is assumed to be located at the center 
of gravity of the vehicle mass. The effect of the two axles could be consid- 
ered in the procedure given below but this appears to be an unnecessary re- 
finement. 


4. Viscous damping is assumed in both bridge and vehicle. 


Based upon these assumptions the system is simplified to that shown in 
Fig. 1 with the following notation: 


V = velocity of vehicle 
L = span of bridge 
Yc = deflection at mid-span at any time 
x = distance of vehicle from end of span 
TV 
= crossing frequency = 
At time t = 0 the center of gravity of the vehicle is at the end of the span. 
Since it is assumed that the deflected shape is at all times sinusoidal the 
bridge deflection beneath the vehicle is y¢ sin (wt). 
The vehicle is represented by the single-degree system shown in Fig. 2, 
in which, 


My, = sprung mass of vehicle 
M,,, = unsprung mass of vehicle 
ky = spring constant of vehicle suspension system 
absolute deflection of sprung vehicle mass measured from the 
neutral position 


N 
" 


The distortion of the vehicle spring is given by, 


t- %, sin (wt) = A (1) 
The force in the spring is, 
2) 
+ g ( 
Thus the equation of motion for the sprung mass is, 
ee (3) 
4 - c Zz 


in which cy is the coefficient of damping. 

A typical vehicle actually has no unsprung mass since the tires behave as 
springs. The term is included in this general derivation in order to compare 
the theory with the model results presented below. 
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FIG. 1 IDEALIZED DYNAMIC SYSTEM 


sin (wt) 


FIG. 2 IDEALIZED VEHICLE 


FIG. 3 IDEALIZED BRIDGE 
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The bridge may be represented by the single-degree system shown in 
Fig. 3 where P, Mg, and kp are the load, mass, and spring stiffness of the 
equivalent system. The deflection of the equivalent mass is taken to be the 
same as the actual mid-span deflection of the bridge. Considering only the 
first mode of vibration it may be shown that the parameters-of the equivalent 
system are as follows: 


3% 


where M, is the total mass of the bridge, 


on. sin* (wt) (4) 


(5) 
P = (My g + k 4) sin wt, 


B 


where EI is the rigidity of the actual bridge. The natural frequency of the 
equivalent system when the vehicle is not on the span is given by, 


K 
m* EI 
Ma L 
which is exactly the same as that of the first mode of the actual structure. 


The equation of motion for the equivalent bridge system may then be 
written, 


(Mig + A) sin(wt) - - = MAY, (8) 


in which cp is the coefficient of bridge damping. 

In order to obtain a solution for ye as a function of time Eqs. (3) and (8) 
are solved simultaneously while making use of Eq. (1). To take into account 
the vibration of the vehicle itself as it enters the span the initial conditions 
4o and Ao are inserted in the equations at t = 0. 

Eqs. (3) and (8) cannot be solved directly in any convenient form. For 
this reason approximate methods of solution must be employed. One such 
method is numerical integration—a common device in the solution of dynamic 
problems—which produces a continuous record of deflection during the entire 
crossing. If done by hand computation this method is very laborious and not 
practical unless a limited number of solutions are desired. However, it is 
easily handled by digital computer and the final theoretical results of this 
paper were obtained in that manner. 

Solutions may also be obtained by analog computer. This device is not as 
accurate as numerical integration but is more convenient for qualitative in- 
vestigations of the effect of parameter variation. This procedure was used 
to obtain some of the results presented below. 


Model Studies 


Before attempting to obtain confirmation of the theoretical analysis by 
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field tests on actual structures, a series of small-scale laboratory tests 
was conducted to check the accuracy of the theoretical solution under care- 
fully controlled conditions.® In this way the basic mathematical assumptions 
of the method were investigated without the uncertain conditions always 
present in actual field tests. 

A single bridge model consisting of a simple beam with weights hung uni- 
formly to provide mass was tested. The model was designed to represent a 
typical two-lane girder bridge of approximately 90-foot span. The natural 
frequency and the static deflection of the model are the same as for the pro- 
totype. The vehicle model simulated a 20-ton two-axle truck. Measure- 
ments were taken of the mid-span deflection and, simultaneously, the force 
in the vehicle spring. Tests were made varying the vehicle velocity, fre- 
quency, damping, and initial oscillation. 


Test Apparatus 
A general view of the testing apparatus is shown in Fig. 4. The model 


FIG. 4 MODEL TEST APPARATUS 


8. “Model Investigation of Effects of Vehicular Vibrations on Simple Span 
Bridges,” R. M. Connell and R. J. Lamp, M.L.T. Master’s Thesis, June, 
1955. 
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beam consisted of two pieces of steel stock fastened together by screws in 
such a manner as to introduce a camber equal to the total dead load deflec- 
tion. The required mass of the model was obtained by hanging weights uni- 
formly along the span. The fundamental natural frequency of the weighted 
beam was measured as 4.05 cps. Two approach sections were provided for 
accelerating and decelerating the vehicle. 

The model vehicle consisted of an aluminum chassis on two axles which 
supported a cantilever beam of spring steel to which a steel mass was at- 
tached. The sprung mass was 85 per cent of the total weight of which 20 per 
cent was on the front axle. Damping in the vehicle was provided by a friction 
device on the suspended mass. Three springs were used in the model which 
provided natural vehicle frequencies of 2.27, 3.07, and 3.87 cps. The vehicle 
was pulled across the beam at constant speed by a synchronous motor with a 
master speed control. Tests were run at velocities corresponding to vehicle 
speeds on the prototype of 30, 40, and 50 mph. 

It was desired to reproduce in the model the condition which is the major 
cause of actual bridge vibration, namely, an initial oscillation of the vehicle 
as it enters the span. This was accomplished by a removable hold-down arm 
which introduced a known deflection of the sprung mass. As the vehicle en- 
tered the span this arm was suddenly removed by a mechanical device. Thus 
the initial amplitude of harmonic motion was known. 

The dynamic mid-span deflection of the bridge model was measured by a 
Shaevitz Transformer. The oscillations of the sprung vehicle mass were ob- 
tained by SR-4 strain gages mounted near the fixed end of the cantilever 
spring. Thus the dynamic force applied to the chassis at any time was known. 
The two measurements were simultaneously recorded by an oscillograph. 


Model Test Results 


Typical experimental results are shown by the dashed curves in Figs. 5 
and 6. The upper portion of each figure indicates the per cent variation in 
total force applied by the vehicle to the bridge. The abscissa for all curves 
indicates the position of the vehicle center of gravity in terms of span which 
may also be considered to be a time scale. For convenience the ordinate of 
the deflection curves has been taken as the ratio of dynamic to maximum 
static mid-span deflection. The natural vehicle frequency was 3.87 cps for 
the test run shown in Fig. 5 and 3.07 cps for that shown in Fig. 6. The vehicle 
velocity for both test runs corresponded to 30 mph on the prototype. 

The theoretical curves of Figs. 5 and 6 were obtained by numerical inte- 
gration of Eqs. (3) and (8) using the initial conditions imposed on the model. 
The upper curve is given by, 


100 x Ky A (9) 


using the notation of the theoretical analysis. The ordinate of the lower curve 


y,k 


where bt is the maximum static deflection at mid-span. 


v 
As indicated by the typical model results shown, there is good agreement 
between analysis and experiment for both bridge and vehicle behavior. The 
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most obvious discrepancies in bridge deflection occur when the amplitude of 
vibration is small. However, the magnitude of these smaller amplitudes is 
not significant. It is concluded that the basic method of analysis is satisfac- 
tory. More specifically, the following conclusions are drawn: (1) For the 
computation of mid-span deflection the bridge may be represented by a single- 
degree-of-freedom system without appreciable error, and (2) for the type of 
bridge and vehicle represented by the model the separate axle loads may be 
replaced by a single concentrated load. 

It is significant that the bridge deflection records obtained from the model 
are remarkably similar to those observed in acfual field tests. This indi- 
cates that the conditions imposed on the model represent the major cause of 
actual bridge vibration. 


Field Tests 


Having concluded that the theoretical analysis gives satisfactory results 
for the idealized system represented by the model, it was then necessary to 
determine whether this system truly represents an actual bridge. More 
specifically, it was necessary to prove the following: (1) That an actual 
bridge could be idealized as a simple beam; (2) that an actual vehicle could 
be idealized as a single-degree-of-freedom system; and (3) that the surface 
roughness on the bridge was of secondary importance and could be ignored. 

To accomplish this purpose two bridges were tested—one of the stringer 
type and the other a typical through girder bridge.9 In each case the mid- 
span deflection was measured during the passage of a single heavy vehicle. 
The truck was also instrumented in order to obtain a continuous record of the 
dynamic force applied to the bridge. Approximately 25 test runs at various 
vehicle speeds were made on each of the two bridges. 

The two structures selected for testing were the Main Street and South 
Street Bridges in Townsend, Massachusetts. The cross sections of the 
bridges are shown in Figs. 7 and 8. The Main Street Bridge has a skew of 
21-1/2 degrees and the South Street Bridge a skew of 17 degrees. These par- 
ticular bridges were selected because they are typical medium-span struc- 
tures and because they presented a minimum of testing difficulties. 

The test vehicle was a 1952 two-axle (6-wheel) Sterling White ten-ton dump 
truck. This truck has a wheel base of 13 feet, a tread of 6 ft 6 in., 11:00-24 
front wheel tires and 12:00-24 rear wheel tires. The suspension system con- 
sists of leaf springs with a pair of auxiliary springs on the rear axle which 
are engaged under heavy load. The truck was loaded with steel snow-plow 
blades to produce a total weight of 41,624 lbs of which 33,875 lbs was on the 
rear axle. 


Testing Procedure 


Mid-span dynamic deflections were measured by deflectometers each of 
which consists of a small calibrated beam mounted within a tower which is 
placed beneath the structure. Also within the tower is a long rod held tightly 
between the beam and the underside of the bridge. As the bridge deflects the 


9. “Dynamic Response of Simple Span Highway Bridges to Moving Vehicle 
Loads,” by H. S. Suer, Doctor’s Thesis, Massachusetts Institute of 
Technology, Sept., 1955. 
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calibrated beam is also forced to deflect and the resulting strains are mea- 
sured by SR-4 strain gages. The responses of these gages were fed into a 
Sanborn Strain Gage Amplifier and Recording System. 

The testing of each bridge began with the measurement of static deflec- 
tions which are given on the figures of test results. In both static and 
dynamic tests the vehicle was located in the center of the roadway. At the 
Townsend Main Street Bridge deflections were measured at mid-span of the 
stringer nearest the center line and at mid-span of the exterior stringer. At A 
the Townsend South Street Bridge measurements were taken at mid-span of i 
both girders. Moving load tests were conducted at various vehicle speeds a 
and in both directions. During the tests care was taken to ensure that the = 
vehicle speed was as constant as possible and that the truck maintained the 
centerline position. 

Instrumentation of the truck consisted of strain gages used to measure the 
bending strains in the rear axle and, in addition, an accelerometer mounted 
at the center of the same axle. The responses of both strain gages and 
accelerometer were recorded by a portable Sanborn System placed in the bed 
of the truck. This procedure was based on the assumption that the variations & 
in the front wheel loads were negligible compared to the total vehicle weight. 
This approximation was possible because only 19 per cent of the total weight 
was on the front axle. 

Four strain gages were mounted on the axle and calibrated under static 3 
loading so as to provide values of the total axle load. This was accomplished . 
by weighing the individual wheel reactions as the truck was loaded. Under 
dynamic conditions, however, corrections must be made for the inertia forces 
on the axle. For this purpose it was assumed that the entire mass of the axle D* 
assembly is concentrated at the center of the wheels. The error involved is - Ss 38 
not appreciable since 90 per cent of the total weight is concentrated at these 
points. 

With these assumptions it may be shown that the sum of the two dynamic 
wheel loads is equal to that indicated by the strain gages minus the inertia 
force on the axle assembly. The latter is equal to the measured acceleration Ee 
times the total mass of the assembly. This measurement was:taken at the 
center of the axle. Although it is approximate for the individual wheels this os 
acceleration is essentially correct for the total axle load. This procedure 4 
neglects the bending vibration of the axle itself. However, the natural fre- a 
quency of this vibration is much higher than that of the rigid-body motion of . 
the axle and has a negligible effect on the wheel loads. 

A more serious error results from the fact that the resultant wheel load . 
may not act at the same point along the axle as it did during the static cali- P 
bration. This would occur if the roadway surface at each wheel was not paral- [i 
lel to the axle. Investigation reveals, however, that the possible error in- ~ - 
volved is not too large to be tolerated. | 

A completely satisfactory vehicle instrumentation is very difficult to . | 
achieve. In this study, however, it was not necessary to obtain exact mea- 
surement of the dynamic wheel loads but only to obtain an indication of the 
vehicle behavior. For this purpose the instrumentation proved to be 
satisfactory. 

The average velocity and position of the test vehicle were determined by 
the use of two simple switching devices placed in the roadway at both ends of 
the structure. Each device consisted of a vertical strip of spring steel ; 
mounted so as to close a microswitch when bent by the passing vehicle. The . 
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closed circuit caused a “pip” on the paper recording the bridge deflection. A 
similar device was mounted on the vehicle to provide a signal for the record- 
ing apparatus in the truck. 


Test Results 


The dynamic properties of the test vehicle were determined independently 
of the test runs on the bridges. The truck was run slowly over a large ob- 
struction and the resulting free vibration recorded. The variation in the rear 
axle load showed a consistent natural frequency of approximately 2.3 cps. 
This same natural frequency was predominant on all test runs although the 
motion was never purely harmonic. Additional records obtained prior to and 
after crossing of the bridges indicated that the truck normally vibrates at 
essentially this frequency as it moves along the highway. This is not a prac- 
tical way to determine the natural frequency, however, since local surface 
conditions introduce forcing functions which prevent a truly free vibration. 

An attempt was made to compute the natural truck frequency from spring 
and tire stiffnesses measured statically. This computed frequency was con- 
siderably lower than that actually measured. The difference is believed to be 
due to greater interleaf spring friction during short-term load variations. To 
verify this conclusion vertical acceleration measurements were made simul- 
taneously on the axle and body of the vehicle as it moved along the roadway. 
With moderate roadway surface conditions the two accelerations were found 
to be almost identical in amplitude, frequency, and phase, thus indicating that 
the leaf springs were almost entirely inactive and that the tires were provid- 
ing most of the springing. The effectiveness of the springs obviously depends 
upon the age and condition of the vehicle. 

The damping characteristic of the vehicle was found to vary considerably. 
However, an average viscous damping coefficient of 70.0 lb-sec per inch ap- 
peared to be reasonable. 

The natural frequencies of the test bridges were obtained from the free 
vibrations remaining after the vehicle had left the span. These were found to 
be 3.77 cps for the Main Street Bridge and 4.17 cps for the South Street 
Bridge. 

Typical experimental results for the dynamic tests on the two bridges are 
shown by the dashed lines in Figs. 9-12. The upper traces are those pro- 
duced by the portable recorder in the vehicle while the lower traces are the 
records of bridge deflection which were obtained simultaneously. For con- 
venience in analyzing the data analytical solutions are superimposed on the 
experimental curves. Many more records were obtained but they would pro- 
vide little more information than those presented since the general charac- 
teristics of vibration were similar. 

The records shown have been replotted from the original traces to provide 
more convenient scales. The ordinate is the ratio of dynamic to maximum 
static deflection. The abscissa is the position of the center of gravity of the 
vehicle in terms of span length. The latter may also be considered to be a 
time scale. 

On the figures for the South Street Bridge the midspan deflections of both 
girders are shown on the same scale since the maximum static deflections 
are essentially equal. Only the deflection of the stringer nearest the center 
line is plotted for the Main Street Bridge. 

The experimental load variation curves were computed from the strain and 
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acceleration measurements on the rear axle. As discussed previously it was 
assumed that these measurements represent the total load variations of the 
test vehicle. These curves indicate the time variation of the actual load ap- 
plied by the vehicle to the structure. The load at any time is the total static 
weight of the vehicle plus the ordinate to the curve given. In computing the 
load variation the inertia force on the axle computed from the measured 
acceleration generally had a secondary effect. 

It may be observed that the behavior of the vehicle during the test runs 
was somewhat erratic. However, an average frequency of about 2.3 cps is 
apparent. This is the measured natural frequency of the truck. The erratic 
nature of the records is due primarily to the surface roughness on the bridge 
although the nonlinear behavior of the springs may be a contributing factor. 
The vehicle vibration is less uniform on the South Street Bridge than on the 
Main Street Bridge. This is directly attributable to the rougher roadway sur- 
face on the former. In fact, the roadway on the South Street Bridge was con- 
siderably rougher than that usually found on such bridges. It is important to 
note that in spite of this fact the load variation curve is reasonably uniform. 

Although the amplitudes of vehicle oscillation varied considerably there is 
apparently an order of magnitude associated with each bridge. At the South 
Street Bridge the initial amplitude of load variation averaged about 15 kips or 
35 per cent of the total weight. The variation at the Main Street Bridge was 
5 to 10 kips or an average of 17.5 per cent of the total weight. There was a 
critical range of vehicle speed at which large oscillations occurred. Obvious- 
ly for a certain character of roadway surface and a given natural vehicle fre- 
quency there is a critical velocity which induces maximum load variations. 

It is important to note that in general the major portion of the load varia- 
tion is caused by surface roughness on the approaches rather than on the 
bridge itself. The records for both structures indicate that the character of 
the expansion joints at the entrance to the span have an important influence on 
the subsequent amplitude of vehicle oscillation. 

The bridge deflection records shown as dashed lines in Figs. 9-12 have 
been replotted from the oscillograph traces with no alteration except for the 
change in scales. It may be observed that the bridge vibration is generally in 
phase with the load variation curve. It is also obvious that the amplitude of 
bridge vibration is related to the amplitude of load variation. Sizable varia- 
tions in the applied load always cause large bridge vibrations. 

Figs. 11 and 12 for the South Street Bridge show the deflection records for 
both girders. In all cases the two records are displaced horizontally due to 
the skew in the same manner as the crawl or static deflection curves. The 
vibration superimposed on the crawl deflection, however, is essentially the 
same in phase and amplitude for the two girders. Minor variations are prob- 
ably due to rolling of the vehicle about its longitudinal axis induced by local 
surface conditions. 

On the Main Street Bridge the deflection of the exterior stringer was also 
measured but is not shown. With the vehicle on the center line the maximum 
static deflection observed was only 36 per cent of that measured on the cen- 
terline stringer. However, the vibrations of the two stringers under dynamic 
conditions were almost completely in phase and the amplitudes were more 
nearly equal than were the static deflections. This indicates that as far as the 
vibration is concerned the bridge behaves transversely more as a rigid body 
than it does under static loading. Records of the free vibration after the 
crossing of the vehicle show identical amplitudes for the two stringers. 


x 


| 
w 
jae 
r 
> 
¥ 

om 
“ug 

a 
= 

4 = 

ag 

4 * 

= 
| 
4 
a 
a 
| 


1 
4 


1186-16 ST 2 March, 1957 


Comparison with Theoretical Analysis 


The theoretical solutions shown by the solid lines in Figs. 9-14 are based 
upon the equations previously given. Two different approaches are used. In 
the first intermediate step the dynamic bridge deflection is computed making 
use of the measured load variation. This serves to verify the applicability of 
the analytical method to actual bridges. In the second approach the vehicle 
behavior is idealized and the solution is completely theoretical except for the 
initial conditions and the values of bridge and vehicle stiffnesses. This 
second approach serves to investigate the feasibility of idealizing the vehicle 
for practical purposes. 

In the solutions based upon the measured load variation only Eq. (8) was 
used. The term k,4 was replaced by the actual measured load variation and 
the equation was solved by numerical integration. The effective mass of the 
bridge, Mp, was computed from the design drawings. The rigidity, EI, in 
Eq. (6) was determined from the measured static deflection. The damping 
term in Eq. (8) was neglected since this is of minor importance. 

Samples of this type of analysis are shown in Figs. 13 and 14. In the solu- 
tion for the South Street Bridge no attempt is made to distinguish between the 
two girders since the bridge is idealized as a single beam. Only the interior 
stringer of the Main Street Bridge is considered. In both cases the agreement 
between theory and experiment is satisfactory. The maximum dynamic deflec- 
tions are almost identical although there is less agreement when the ampli- 
tude of vibration is small. The discrepancies are no more than would be nor- 
mally expected in any comparison of theory with actual field tests. It is 
concluded that the basic method of analysis is satisfactory for field conditions. 
To obtain a completely theoretical solution it is only necessary to idealize the 
vehicle behavior in a satisfactory manner. 

The theoretical results shown in Figs. 9-12 were obtained using the com- 
plete analytic2l method without modification. For the vehicle stiffness, k,, 
and damping coefficient, cy, the experimental values were used. The oscilla- 
tion of the vehicle at t = 0 was defined by the initial conditions 4g and Ao. 
These initial conditions were rather arbitrarily assumed so as to match as 
much of the experimental load variation curve as possible. The upper theo- 
retical curves in the figures are plots of ky4 obtained from the analysis. 

As expected the agreement between this completely theoretical approach 
and the experimental results is generally not as good as for the solution based 
upon the measured load variation. However, the comparison is still satisfac- 
tory. The agreement between theory and experiment is remarkably good for 
the Main Street Bridge. Better agreement on the South Street Bridge could 
probably not be expected because of the extremely rough roadway on the 
structure and because of the obvious effect of skew on the behavior of girder 
bridges. Most of the discrepancies in the bridge deflection records involve a 
phase shift rather than a difference in amplitude. For practical purposes 
these phase shifts are of little importance. It is also significant that the 
larger the vibration the more accurate the theoretical analysis becomes. 

The differences between the theoretical and experimental bridge deflection 
curves are due primarily to the difference between the actual and the idealized 
load variation. The latter difference is largely due to surface roughness on 
the bridge deck. This is much more pronounced on the South Street Bridge 
which had the rougher roadway. Although the effect of the surface condition 
is quite obvious it does not change significantly the maximum amplitude or the 
general character of the bridge vibration. 
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It is possible to include the effect of surface roughness in the analytical 
method used herein. This is done simply by modifying the value of 4 accord- 
ing to the profile of the roadway surface. By this device the comparison be- 
tween theory and experiment could probably be improved. However, this ap- 
pears unwarranted for design purposes. 

It is concluded that the analytical method presented herein is satisfactory. 
The agreement between theory and actual field experiment is as good as can 
be expected for any general method of analysis. It could possibly be im- 
proved by including the effect of surface roughness and by other refinements 
in the analysis. However, experimental errors and the inherent difficulty of 
idealizing the dynamic properties of an actual bridge make significantly clos- 
er agreement improbable. For bridges with reasonable degrees of surface 
roughness an adequate solution can be obtained by considering only an initial 
oscillation of the vehicle. 


Theoretical Results 


This section contains theoretical results obtained by the analytical method. 
The investigation is divided into two parts. First, the general effects of 
parameter variations are studied, and second, maximum dynamic bridge de- 
flections are determined for various practical combinations of bridge and 
vehicle parameters. 

The first part of the investigation was accomplished by use of an analog 
computer. This is the best device for a study of the effect of parameter 
variation but does not provide sufficient accuracy for final results. For this 


reason a digital computer was used in the second part referred to above. It 
is believed that the final results of this chapter are in a form which is 
practical for use in bridge design. 


Basic Assumptions 


The assumptions upon which these results are based include the theoretical 
approximations used in the derivation of the equations. It is believed that 
none of these introduce serious errors. The most important assumption is 
that the effect of roadway roughness on the bridge may be disregarded. The 
analysis includes only the effect of an initial oscillation of the vehicle which 
is presumed to be induced by surface roughness on the approaches. 

It is obvious that severe pavement roughness or large obstructions on the 
bridge deck would cause serious bridge vibrations. However, the magnitude 
and character of such vibration would be little different than that induced by 
an initial vehicle oscillation. Furthermore, it is questionable that extreme 
surface conditions or actual obstructions should be considered in design at 
normal working stresses. An allowance for surface roughness on the struc- 
ture could be made in the selection of the amplitude of initial oscillation. For 
design purposes it appears that the assumption of an initial vehicle oscilla- 
tion is an adequate device for the prediction of dynamic bridge behavior. 

In these theoretical computations damping in both the bridge and vehicle 
have been neglected. The damping coefficients of typical highway bridges are 
generally small and have very little effect on the vibration during the cross- 
ing of a vehicle. Damping in the vehicle is ignored because it may be counter- 
acted by the surface roughness which may continuously excite the vehicle os- 
cillation. Such being the case the inclusion of a vehicle damping coefficient 
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appears to be an unnecessary complication. Even if it were included it would 
be important only for the longer spans. 

It is further assumed that the distinction between sprung and unsprung 
vehicle masses may be ignored and that the entire mass is spring supported. 
This is probably correct since the vehicle experiments indicated that much of 
the springing was in the tires rather than the leaf springs. In any case the 
effect of the unsprung mass is secondary because it is a small part of the 
total mass. 


Parameters 


A more convenient form of the theoretical equations is obtained by intro- 

ducing the relationships, 
K Mig 

Vv b 
My Mp “st 
where p, is the natural vehicle frequency and pp is the natural bridge fre- 
quency. Substituting Eq. (1) into Eqs. (3) and (8), eliminating the damping 
terms, replacing My, by My, and introducing the above relationships we ob- 
tain, 


M y 
= (sin wt - + at sin wt) sinwt (10) 
s 


M 


st 'B 8st 


2 v4 c 
= - ( - sin wt) (11) 
Vi Sgt 


All displacements are divided by the maximum static bridge deflection, 6g, 
which is equal to Mg/p2 M,- The parameters upon which the dynamic de- 


flection and amplitude of vibration depend are taken as follows: w, M/M,, 
co’ and Yoo" 


The initial bridge conditions a and es are always taken as zero. The initial 


PY» and Pp/Py In addition there are the initial conditions Zo) ZV 


vehicle conditions Zo and zy depend upon the maximum initial amplitude of 
vehicle oscillation, Zan? and the phase angle, ¢. For convenience in present- 
ing the results Zn is replaced by, 


as Ky My (12) 


where B is the maximum fractional variation in the applied load before enter- 
ing the span. The phase angle is defined as the angular distance in terms of 
vehicle vibration from the end of the span to the point at which the vehicle 
mass has zero displacement and maximum downward velocity. Thus, 

Zz, = 2, sin g (13) 


cos (14) 
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Parameter Ranges 


In the results which follow each of the parameters is varied through a 
range of values which includes those encountered in most simple span high- 
way bridges. 

The initial oscillation of the vehicle which is defined by the parameter £ is 
the most important of all the factors which determine the magnitude of vibra- 
tion. Unfortunately, however, it is also the most uncertain factor in a par- 
ticular case. The magnitude of 8 depends entirely upon the severity and the 
character of the surface roughness on the approach to the bridge. In the field 
tests described previously the maximum value observed was approximately 
0.4 or, in other words, the maximum dynamic variation in total load was 
about 40 per cent of the static vehicle weight. The probability of the occur- 
rence of larger values of § could only be determined by a statistical study 
of surfaces and vehicles. For the purposes of this investigation 8 is varied 
from 0.1 to 0.6. 

The mass ratio M,/Mg is varied from 0.05 to 0.5. It should be noted that 
Mg is one-half the total mass of the bridge. Therefore the two limiting 
values of mass ratio represent cases in which the vehicle weighs 2.5 per cent 
and 25 per cent of the total weight of the bridge. 

The natural vehicle frequencies (py) considered vary from 27 to 67 
radians per second or 1 to 3 cycles per second. No general study of vehicles 
has been made but it is believed that most heavy vehicles are included within 
this range. 

A variation in natural bridge frequency (pp) between 47 and 167 radians 
per second or 2 and 8 cycles per second is considered. In general the lower 
values correspond to long-span structures and the higher values to bridges of 
short span. The range of frequency ratio, pp/py, for which results are given 
is from 0.67 to 7.0. 

For each combination of the other parameters the crossing frequency w is 
varied in order to determine the maximum possible dynamic deflection and 
amplitude of vibration. In order to keep the results within a practical range 
limitations were placed on the variation of this parameter. These limits 
were derived in the following manner. The range of vehicle velocities is 
taken as 20 to 50 miles per hour. Lower speeds would probably not involve 
appreciable vehicle oscillations and higher speeds probably need not be con- 
sidered. It was assumed that the natural bridge frequency is related to the A 


length of span according to the approximate empirical formula, pp = an . 


t 


Using this expression and the assumed range of vehicle speeds in the equa- 
tion w = 7V/L the range of crossing frequency considered in the computations 
is, 


w = 0.04 Pp to w= 0.10 Pp 


The approximate and rather arbitrary nature of these limits is justified by 

the results which indicate that the range of w is not of primary importance. 
Variations in phase angle, ¢, are also considered. No limitations are im- 

posed since any value could occur under field conditions. 


Effect of Parameter Variations 


The effect of vehicle velocity on maximum dynamic deflection was 
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investigated using the analog computer. These results for various combina- 
tions of py and pp are shown in Fig. 15. In all cases it will be noted that the 
curves have a wave form and that there are critical values of w at which 
. maximum deflections occur. When the frequency ratio is unity the highest 
peaks and hence the largest bridge deflections occur at slow vehicle speeds. 
For frequency ratios of two or greater, however, the peak values increase 
with increasing velocity. For frequency ratios between unity and two, maxi- 
® mum deflection occurs at velocities between these two extremes. In terms 
of the limitations imposed on values of w, maximum deflection occurs near 
w = .04 pp for frequency ratios of unity, near w= .10 pp for ratios above two, 
and at intermediate values for frequency ratios between one and two. For the 
higher frequency ratios the peaks occur when the velocity is such that the 
vehicle mass has a maximum downward displacement at mid-span. 

It should not be expected that field tests of actual structures would pro- 
duce maximum deflection-velocity curves identical to those of Fig. 15. These 
theoretical curves were obtained for a constant value of 8. In field tests the 
value of 8 would probably vary in some unpredictable manner with vehicle 
speed. 

The effect of vehicle phase angle on maximum deflection was also investi- 
gated by analog computer. Some of these results are shown in Fig. 16. It is 
obvious that the phase angle has a definite effect and should be considered 
when determining maximum possible deflections. 

The following results beginning with Fig. 17 are maximum dynamic deflec- 
tions for particular combinations of parameters which define a particular 
bridge and vehicle. Each value given is intended to be the maximum possible 
deflection for those parameters. This involves in each case the selection of 
the most critical values of w and ¢. The problem is difficult because there 
is an infinite number of combinations of these two parameters. The critical 
values were estimated by analog studies and by certain theoretical considera- 
tions. The final results plotted below were then obtained by digital computer. 
In a final attempt to ensure that the deflections were truly maximums digital 
computer solutions were obtained for several combinations of w and ¢ in 
each case. 

For large frequency ratios the critical condition is not difficult to deter- 
mine because the bridge and vehicle are essentially two independent dynamic 
systems. In this case the bridge vibration may be approximately considered 
to be the addition of two parts: (1) The vibration due to a constant force 
crossing the span and, (2), a vibration in phase with the oscillation of the 
vehicle. The critical values of w and ¢ are those for which these two parts 
have maximum downward amplitudes at the same point near mid-span. 

When the frequency ratio is less than approximately 2.5 the two systems 
cannot be considered independently and the theoretical determination of the 
critical condition becomes more difficult. The behavior of the bridge is 
somewhat analogous to the familiar “beat” of a linear two-degree system. 
However, the variable coefficients of the equations for the bridge problem 
make it difficult to interpret this analogy. 

It is believed that the values plotted in Fig. 17, 18, and 19 are near the 
absolute maximum deflections. However, it is probable that for frequency 
ratios less than 2.5 the points should be slightly higher. 

The effect of frequency ratio is shown in Fig. 17 where results are given 
for constant values of 8 and M,/M. It may be observed that for ratios 
above 2.5 the curve is smooth and that the dynamic deflection varies from 
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about 1.375 to 1.50 of the static deflection. For ratios below 2.5 the curve is 
more irregular but generally increases to a maximum of about 1.74 at a fre- 
quency ratio slightly above unity. Below this point the dynamic deflection de- 
creases rapidly. It is significant that the curve is independent of the actual 
values of py and pp and that only the frequency ratio is important. 

The reason for the peak near pB/py = 1 is apparent when one considers 
the behavior of bridge and vehicle in this region. Because of the “beat” ef- 
fect which occurs only at low frequency ratios the oscillation of the vehicle 
almost disappears at one or more points along the bridge. At these same 
points the bridge vibration greatly increases because most of the energy 
originally contained in the vehicle oscillation is transferred to the bridge. 
This effect is apparent in the model run shown in Fig. 5. 

The validity of the above argument can be demonstrated theoretically as 
follows: 

Total initial energy in vehicle oscillation = 


2 

8 
2 2 
Py 


E i i = i < = i 2 < 
nergy in bridge vibration ky A 3 A* , 


where A is the amplitude of bridge vibration. 
Assuming complete energy transfer and equating, 


Approximately, 


M 
— = 0.2 and B = 0.3, <r may be computed by Eq. (16) to be 
B st 
1.68. This value is very close to the maximum shown in Fig. 17. The latter 
is somewhat greater because of the vibration caused by the simple passage of 
a constant force which is independent of #. 
It should be noted that a frequency ratio of unity does not represent a true 
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resonant condition in which deflections approach infinity. In the case under 
study energy is not continuously fed into the system and the energy contained 
in the bridge vibration is limited to that which was originally contained in the 
vehicle. 

The effect of 8 which represents the initial amplitude of vehicle oscilla- 
tion is shown in Fig. 18, where curves are plotted for three different com- 
binations of py and pp. It is apparent that in all cases the effect of Bis 
linear. The curves indicate that this effect becomes slightly greater as the 
frequency ratio approaches unity. For the higher frequency ratios ym/6 st 
is essentially equal to (1.1 + 8). 

The effect of mass ratio, My/Mpg, is shown in Fig. 19. It may be seen that 
for high frequency ratios the value of mass ratio has no effect on maximum 
deflection. The effect becomes apparent, however, as the frequency ratio de- 
creases and becomes quite significant for a frequency ratio of unity. It is 
important to note that for high mass ratios the maximum deflection ratio does 
not vary appreciably with frequency ratio. This indicates that if the curve of 
Fig. 17 had been computed for a higher mass ratio the peak near pp/py = 1 
would not have appeared. The reason for this effect can be deduced from 
Eq. (16) which indicates that as the mass ratio increases the maximum dy- 
namic deflection decreases. Even if the complete energy transfer takes 
place the deflection is no larger than would be expected with high frequency 
ratio. 

It should be recalled that all results are given in terms of the deflection 
ratio, Ym/6 st: A high value of this ratio may not be significant if 6 gt is 
small. This may apply to the curve in Fig. 19 for pp/py = 1. The large de- 
flection ratios may not be significant since the small mass ratio for which 
they were obtained may indicate small static deflections. 


Application 


In Fig. 20 the curves previously presented have been re-drawn in a man- 
ner convenient for actual design application. Fig. 20(a) is simply a reproduc- 
tion of Fig. 17 and is completely independent of the actual values of py and 
Pp: In Fig. 20(b), which has been taken from Fig. 18, the values on each 
curve have been divided by the value at 8 = 0.3. Thus Fig. 20(b) provides 
correction factors to be applied to results taken from Fig. 20(a). Fig. 20(c) 
also provides correction factors since the values of Fig. 19 have been divided 
by the deflection for My/Mp = 0.2. 

To summarize, the following is a detailed outline of the proposed pro- 
cedure for predicting the maximum dynamic deflection for an actual bridge 
and a single two-axle vehicle. 


1. Compute the maximum static deflection for a single design vehicle on 
the center line of the roadway (6 <¢) using conventional methods except that 
the moment of inertia should be taken as the composite value including all 
secondary elements of steel or concrete which could conceivably contribute 
to the stiffness.6 However, in the case of a wide stringer bridge the contri- 
bution of the exterior stringers is questionable. The above recommendation 
is based on the belief that composite action occurs in deck stringer bridges 
even though shear connectors are not provided. It should be recognized, how- 
ever, that this may be only partly true of older bridges. 


2. Compute the natural frequency of the structure which may be 


6. Footnote 6 appears on page 1186-2, 
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FIG. 19 EFFECT OF MASS RATIO ON MAXIMUM DEFLECTION 
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0.2 0.3 0.4 0.5 0.6 aS 
(b) 


(c) 
FIG. 20 DESIGN CURVES FOR MAXIMUM DYNAMIC DEFLECTION 
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approximated by, 


Lee cps (17) 


2 
eL 


where I is the composite moment of inertia, W is the weight per foot of 
bridge, and 1.2 is an approximate factor based on test results.6 I should be 
computed for the complete cross section even in the case of wide stringer 
bridges. 


3. Select a natural frequency for the vehicle. Further study is required 
on this subject but it is tentatively recommended that the designer consider 
a range of vehicle frequencies between 1 and 2.5 cps. For a given natural 
bridge frequency the most severe vehicle frequency is easily observed in 
Fig. 20(a). 


4. Select a design value of 8. Determination of proper values requires 
considerable study of vehicle properties and roadway surface conditions. It 
also involves the general philosophy of design and should probably be left to 
the writers of specifications. Actual 8-values of 0.4 are probably common 
and a design value of 0.5 would not be unreasonable. It is possible that the 
proper 8-value decreases with increasing span of the bridge. This would re- 
sult from the fact that roadway deck surfaces are generally smoother than 
the approaches. In the case of long spans, large vehicle oscillations induced 
on the approaches might not be maintained during the crossing. 


Pp fp M, 
5. Compute the frequency ratio, — or -—, and the mass ratio, ——. Note 
: that M, is one-half the total mass of the bridge. M 
6. Enter Fig. 20(a) to obtain a value of (Yn/6 st) for 8 = 0.3 and oe © OS 
M, 


7. Enter Fig. 20(b) and obtain (CF)g for the selected design value of f. 

3 8. Enter Fig. 20(c) and obtain (CF), for the computed mass ratio. 
q 9. Compute the final deflection ratio by, 
x (CF x (CF 
Sst Sst 

# st 

By 
Step (9) in the above procedure is not exact since it is assumed that the 
a two correction factors are independent of each other. Although not proven 
“i this is believed to be essentially correct. 
F It should be noted that the dynamic deflection ratio obtained by the above 
Re procedure is for a single two-axle vehicle on the roadway center line. The 
4 deflection ratio for more than one vehicle or for a single vehicle off the cen- 
E ter line would be somewhat less. Vehicles having more than two axles must 
4 be considered in future studies. 


The results presented herein together with other similar and related 


6. Footnote 6 appears on page 1186-2. 
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investigations will eventually lead to specification criteria to guard against 
excessive vibration. In the meantime the above procedure is believed to be a 
practical means of investigating the susceptibility of a particular bridge de- 
sign to vibration. 


Maximum Amplitude of Vibration 


“ One of the reasons for studies of bridge vibration is the possible effect of 
excessive vibration on pedestrians. This may result in public complaint and 
perhaps distrust of the structure. The reaction of persons to vibration is 
determined not by maximum deflection but by the amplitude and frequency of 
the oscillation which is superimposed on the crawl deflection curve. 

The amplitude of this oscillation varies continuously as the vehicle crosses 

the span and the most significant value is not easily determined. However, it 

may be conservatively taken as the difference between the maximum dynamic 
and the maximum static deflection. Thus, 


Ym (19) 
A= ( Bt )- 8 st 


where y,,/6 st is determined by Eq. (18). 

The frequency of the oscillation may vary between the natural frequency of 
the bridge and that of the vehicle. The largest amplitudes, however, generally 
occur at the natural vehicle frequency. Since persons are more susceptible to 
high frequencies it would be conservative to assume that the higher of the two 
natural frequencies applies. 

The combinations of amplitude and frequency which people find objectiona- 
ble are as yet undetermined. This subject has been studied in connection with 
automobile design!9 but these results probably do not apply to the case of 
bridge vibration. 


Maximum Dynamic Stress 


Although this investigation was not directed toward the determination of 
dynamic stresses it is possible to draw some general conclusions from the 
results obtained. The maximum static bending moment due to the vehicle 
represented by a single concentrated load may be expressed by, 


_ 12 EI 
st ~ L* (20) 


Considering the sinusoidal shape of the fundamental mode of vibration, the 
mid-span bending moment due to the dynamic increment of deflection is given 
by, 


L 


10. “Vehicle Vibration Limits to Fit the Passenger,” by R. N. Janeway, SAE 
Special Publication, March, 1948. 
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where A is the dynamic increase in mid-span deflection. Combining these 
two expressions and Eq. (19) we obtain, 


1 + 0.62 ( (22) 
st 

where M_. is the maximum dynamic bending moment at mid-span. This equa- 

tion is approximate since only the first mode of vibration is included. In 

general the higher modes contribute more to the bending moment than to the 

deflection. 

In most cases Eq. (22) should not be used to predict maximum dynamic 
bending stresses without modification of the value of Ym/5st given by Eq. (18). 
The latter equation gives deflection ratios for a single vehicle which is not 
the design condition for most bridge elements. Numerical addition of the 
dynamic effects of two or more vehicles requires the improbable condition 
that the oscillation of all are in exact phase. In addition, this study has been 
limited to the case of a single two-axle vehicle traveling on the center line of 
the roadway. If the vehicle is not so positioned it is probable that the dynamic 
increase in the most heavily loaded girder is less than that indicated above. 
For these reasons Eq. (22) gives a moment ratio which is probably conserva- 
tive for most design cases. 


CONCLUSIONS 


The following conclusions may be drawn from the data presented herein: 


1. The proposed simplified method of analysis is sufficiently accurate for 
engineering purposes. Reasonable agreement was obtained with both labora- 
tory and field tests. The method may be used for both stringer and girder 
bridges. 


2. From the field tests it is concluded that the major cause of vibration is 
the initial oscillation of the vehicle on its own springs and that for design 
purposes the effect of surface roughness on the bridge may be neglected. 


3. Theoretical results based upon conclusion (2) indicate that the initial 
amplitude of vehicle oscillation is by far the most important factor which 
influences the magnitude of bridge vibration. 


4. In addition, however, large vibrations generally occur when the natural 
frequency of the vehicle is close to that of the bridge. 


5. The only other factor which influences the deflection ratio, ym/é st, is 
the mass ratio, M,/Mp, and this is important only when the frequency ratio 
is near unity. 


6. All results have been given in terms of the deflection ratio, Ym/6 st- It 
is obvious that a bridge designed with a large static deflection may be ex- 
pected to experience large amplitudes of vibration. 


7. The present tendency toward long-span and slender bridges should be 
regarded with caution. For such structures the combination of low natural 
frequency approaching that of heavy vehicles and roadway roughness on the 
approaches may result in excessive vibration. It should be noted, however, 
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that the verifying laboratory and field tests cited herein were all for medium- 
span bridges. Additional verification is needed for extremely long spans. 
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APPENDIX 


Notation 


Span of bridge 

Composite moment of inertia of bridge 
Weight per foot of bridge 

Total mass of bridge 

Effective mass of bridge 

Spring stiffness of bridge 

Fundamental natural frequency of bridge, rads/sec 
Fundamental natural frequency of bridge, cps 
Damping coefficient of bridge 

Dynamic mid-span bridge deflection 

dy 

/at? 

Maximum dynamic mid-span bridge deflection 
Amplitude of bridge vibration 

Maximum static mid-span bridge deflection 
Modulus of Elasticity 

Velocity of vehicle 

Distance of vehicle from end of span 
Crossing frequency, 7 V/L 

Mass of vehicle 

Sprung mass of vehicle 


Unsprung mass of vehicle 
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Spring constant of vehicle 

Fundamental natural frequency of vehicle, rads/sec 
Fundamental natural frequency of vehicle, cps 
Vehicle damping coefficient 

Deflection of sprung vehicle mass 

Vehicle mass deflection relative to bridge 

Initial vehicle mass deflection 

Initial load variation parameter 

Deflection ratio 

Frequency ratio 


Mass ratio 
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ANALYSIS OF MULTIPLE-SPAN CONTINUOUS TRUSSES 
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SYNOPSIS 


This paper presents the method of the moment influence line as the basic 
tool in analysing continuous trusses. This method, as compared to the con- 
ventional analysis of continuous trusses by the removal of reaction redun- 
dants, has the advantages that the computation for the stresses due to each 
unit loading is limited to two spans regardless of the number of spans in the 
truss, and that the constants for the solution of simultaneous equations are 
easily obtained by one simple operation. These advantages result in a saving 
of a considerable amount of time for the analysis of long-span continuous 
trusses of more than 2-spans, particularly those with unsymmetrical propor- 
tions. Computations for elastic weights and constants for the simultaneous 
equations are given in simple tabular form, suitable for use in actual design. 
A numerical example showing the complete analysis of moment influence 
lines for a 4-span continuous truss is presented. 


INTRODUCTION 


Since the time Gustave Lindenthal designed the Sciotoville Bridge, the con- 
tinuous truss as a form of load-carrying member has gradually gained popu- 
larity among bridge engineers. Only very recently, from 1953 to 1955, a 
number of notable continuous truss highway bridges have been designed, 
among which are the 500-800-500 ft. continuous deck truss at Kingston, N. Y.,2 
the four-span continuous approach trusses at Mackinac Straits, Michigan,3 
and the Newark Bay Bridge at the extension of the New Jersey Turnpike. The 


Note: Discussion open until August 1, 1957. Paper 1187 is part of the copyrighted 
Journal of the Structural Division of the American Society of Civil Engineers, Vol. 
83, No. ST 2, March, 1957. 

. Prin. Designing Engr. on Structures, Hydrocarbon Research Inc., New 
York, N. Y. 

. W. E. Joyce & C. H. Gronquist, ‘Design of the Kingston Bridge over the 
Hudson River,’ ASCE Proc. Paper #681, May 1955. 

. D. B. Steinman, ‘Mackinac Straits Bridge,’ ASCE Proc. Paper #559, Dec. 
1954. 
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increasing popularity of the continuous truss in bridge design demands a 
practical method of analysis that is accurate, systematic, easy to work, and 
yet simple enough to be plainly understandable in its principle of application. 
The conventional method of removing the reaction redundant is a good 
method, easily visualized and readily workable. This method has been widely 
used for analysing continuous trusses, and the principle of the analysis has 
been demonstrated in most standard texts of structural theory.4 However, 
the method involves a considerable amount of arithmetic in the solution of in- 
fluence ordinates, particularly for multiple-span continuous trusses of many 
panels and with unsymmetrical elevations. It is a well-known fact that the 
design of continuous trusses is a cut-and-trial procedure, meaning that any 
change of area of a member of the truss in the various stages of design would 
affect the balance of the structure and hence would call for a revised calcula- 
tion. Ordinarily at least two or three cycles of computation are necessary to 
obtain the final influence line to be used in design. The method of the moment 
influence line aims chiefly at simplifying and reducing the arithmetic in- 
volved in computing the influence ordinates, and hence reducing proportion- 
ately the chance of error. This method is specially adaptable to design 
offices, since any simplification of work and saving of time for one cycle of 
computation would be multiplied by the number of cycles required for the en- 
tire repetitive analysis of the structure. It must be understood that the mo- 
ment influence lines are not additional influence lines that are used only for 
obtaining the other influence lines; on the contrary, they represent a set of 
influence lines necessary for the analysis of the structure, and in preliminary 
analysis offer the additional advantage of immediate study of the maximum 
member in the truss for the negative moment. 


Derivation 


In Fig. (la) is shown a four-span continuous truss of unsymmetrical span 
lengths. First the structure is rendered statically determinate by releasing 
the continuities at supports (a), (b) and (c). To these hinged determinate 
structures a unit moment is applied successively at supports (a), (b) and (c). 
The resulting rotations and deflections of the hinged structures due to the unit 
moments are as shown in Fig. (1c), (1d) and (le). Rotations are shown as the 
angle to the vertical from the line normal to the tangent of the elastic line. 
Let the following notations be used: 


».4 = Unknown Moment 
6 = Angular Rotation 
A Deflection 

p Any Panel Point 


Subscripts for and A: 
First subscript denotes the point where the rotation or 
deflection occurs and second subscript, the point where the 
unit load or moment is applied. For instance, 


6 aa = Angular rotation at point a due to a unit moment applied at 
point a, 


4. For example, See Shedd & Vawter, ‘Theory of Simple Structures,’ 2nd 
Edition pp. 473-481. 
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6 ap = Angular rotation at point a due to unit load applied at panel 
point p and 


4 pa = Deflection at panel point p due to unit moment applied at 
point a. 


Sg, Sp, Etc. = Stresses in members of truss in basic determinate structure 
due to unit moment at points a, b, etc. 


Assume a load P is applied at any panel point p. By the simple principle 
that the angular rotations over the supports due to the external loads on the 
simple spans must be restored by the moments existing over the supports in 
the continuous structure, the following equations are evident: 


Xa@aa + Xp Gab + Xc Pac + PGap (1) 
+ Xe Pvc +P@bp =O (2) 
+XcGce +PGcp =O (3) 
From the equations above, in order to find the influence line for the moment 
it is necessary to find the values 6 ap, 9 bp and @¢p by moving the load P from 
one panel point to the other throughout the entire length of the bridge. It is 
obvious that the computation would be lengthy and prohibitive in actual prac- 
tice. A modified Maxwell’s principle of reciprocal relation is applied: it 


states that the rotation at a due to unit load applied at p is equal to the deflec- 
tion at p due to unit moment applied at support a. Hence, 


CGap= Spa (4) 
Ocp = Ope (G) 


By substituting P = 1 and Equ. (4), (5) and (6), Equ. (1), (2) and (3) become 


+ X¢Gac + Apa = O (7) 
Xa Cba +XpObp +XcGbe + Apb = O (8) 
+ Apc =O (9) 


Equating Gab =Gba , O 
and solving, 


Xa + Apb( Cab@cc)-Apc (CabOre)] (10) 
Xp= - Apb( GaaGcc) + Spc ( (11) 


x A pb(GaaPrc)- Spc (Gaa Obb J 2) 
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Y = Caal Gu) - Cab (13) 


The solution of the influence ordinates for moments Xg, Xp and X_, is now 
reduced to finding the rotations at points a, b and c and the deflections at all 
the panel points due to three unit loading conditions: (1) unit moment applied 
at support a, (2) unit moment at support b and (3) unit moment at support c. 
The rotations (@) are constants and the deflections (A) vary at each panel — 
point, which correspond to the varying values of influence ordinates of the 
influence line. 

If the outline and span lengths of the four-span truss shown in Fig. (1a) 
are symmetrical with respect to the center support, the following equalities 
would apply: 


, Obc= Cab, 
Spa = Apb and Xa Xe 


By substituting in Equ. (10), (11) and (12) above, one obtains 


- + Apb( Gab) 
Ng (14 
GaaCbb - 2 Gap? 


Xp, = Gab) (15) 
CaaCbb - 


In a similar fashion expressions for moments Xa, Xp etc. could be derived 
for a multiple-span continuous truss with any number of spans. 


Procedure of Analysis 


Elastic Weights: To obtain the rotations (6) and deflections (4) required 
for the solution of Equ. (10), (11) and (12), the simplest analytical method is 
by elastic weights. In Fig. (2a) is shown a portion of a continuous truss over 
an intermediate support. It has been shown elsewhere? that the elastic 
weights (w) for the chord and diagonals at panel point 11 in Fig. (2a) are: 

For the chord, 


(1G) 


5. See, for instance, D. B. Steinman’s article ‘Continuous Bridges’ in ‘Mov- 


able and Long-span Steel Bridges’ by Hool and Kinne. 
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For the diagonals, 


(18) 


Yn h cos 


Where 6 is the elongation or shortening of the member, 
a , the angle of inclination of each member with the horizontal 


and h, the height of the panel in question. 


The total elastic weight acting at each panel point is therefore a combina- 
tion of weights contributed by the chords and the diagonal members. In this 
paper the following system of denoting the direction of the elastic weights is 
employed to facilitate the summation of the individual weights; for top chords 
in tension or bottom chords in compression, the elastic weight is assumed to 
act upward, whereas for diagonals in tension, a pair of elastic weights in the 
form of a couple is assumed to act in the same general direction as the ten- 
sile forces acting at the ends of the diagonal member. Fig. (2b) illustrates 
the use of the system as described. 

A convenient tabulation for finding the elastic weights due to unit moments 
applied at intermediate supports is as shown in Fig. (3). Note that there isa 
separate column for the area of each member to provide for any revision of 
areas during the various stages of design. 

Rotations (6) and Deflections (4): After the elastic weights have been 
determined and tabulated for the various unit loading conditions, it is a simple 
matter to obtain the rotations and the deflections for the solution of Equ. (10), 
(11) and (12). The rotations at the ends of each span are computed as the 
shears at the ends, and the deflections at various panel points are equal to the 
moments at those corresponding points for the simply-supported span sub- 
jected to the elastic weights. The computation of shear and moment on a 
simply-supported span under numerous concentrated loads can be accom- 
plished by any conventional means; however, for purposes of simplicity and 
the ease of computation by 2n ordinary calculating machine, the writer favors 
Newmark’s method.6 In the example a detailed computation is carried out 
using Newmark’s method. Note that in the example the sign convention is 
such that downward elastic weights have negative signs and downward deflec- 
tions have positive signs. The total angular rotation over the intermediate 
supports (6 aa, 9 bb and @cc) is computed as the combined reaction of the two 
adjacent hinged determinate spans, and hence is equal to the summation of 
shear and the elastic weight at the support as illustrated in the example. 


Example 
To illustrate the procedure outlined above, a numerical example for finding 


6. N. M. Newmark, ‘Numerical Procedure for Computing Deflections, Mo- 
ments and Buckling Loads,’ Trans. ASCE Vol. 108, 1943 p. 1163. 
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the moment influence lines for a four-span continuous deck truss is shown in 
Fig. (4). The truss consists of 160-200-200-160 ft. spans, and is unsymmet- 
rical in that the number and the height of panels in the two end spans are dif- 
ferent. The tabulation of elastic weights and the computation of rotation and 
deflection follow the general procedure outlined previously; therefore no 
further explanation would be necessary. Note however that for convenience of 
handling the decimal place of the computed values a unit moment equal to 
10,000 is applied. Furthermore, this moment is applied in a positive direc- 
tion in order to take care of the signs of the moment influence ordinates 
automatically. It must be emphasized that the computation of elastic weights 
and constants (rotations and deflections) and the solution of simultaneous 
equations are so arranged that they can be quickly and conveniently evaluated 
by a conventional calculating machine. Note also that for clarity the modulus 
of elasticity (E) is shown as a constant in the example wherever it appears. 
Unless one is interested in the absolute values of the rotation or deflection, it 
is not essential to include (E) in the tabulation since in the final solution of 
Xa, Xp and X,, the term E vanishes. 


CONCLUSION 


This paper has presented a simplified method of analyzing continuous 
trusses by the use of the moment influence line. The basic principle of 
rendering the structure statically determinate and restoring the continuity by 
applying moments at the supports is used to set up the simultaneous equations. 
The method of computing elastic weights and the determination of their direc- 
tions are summarized. Elastic weights and the constants (rotations and de- 
flections) for the solution of simultaneous equations are presented in tabular 
form for purposes of simplicity and ease of calculation. In conclusion, the 
method of the moment influence line has been found to be a practical means 
of analyzing continuous trusses because it simplifies the whole process of 
computation, and hence reduces considerably the chance of error in the solu- 
tion of the basic set of influence lines to be used in the design of the structure. 
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Fig. (1) Moments. Rotations & Deflections 
in Basic Systems Due to Unit Moments 
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Journal of the 
STRUCTURAL DIVISION 


Proceedings of the American Society of Civil Engineers 


RESISTANCE TO OVERTURNING OF SINGLE, SHORT PILES 


E. Czerniak,* A.M., ASCE 
(Proc. Paper 1188) 


SYNOPSIS 


This paper has been prepared with the object of furnishing structural engi- 
neers with practical aids, for the stress analysis and lateral force design of 
short piles, that will effectively reduce the tedious and time consuming labor, 
ordinarily required in their solution. More specifically, it was prepared for 
those concerned with foundation design in refineries and chemical plants, 
where short bored piles have been successfully used, to transmit to the 
ground all forces and couples acting on the supports for elevated horizontal 
vessels, heat exchanger equipment, pipe supports (overhead and sleepers) 
and miscellaneous light structures. 


INTRODUCTION 


Every structure standing above the ground is affected by lateral forces, 
which similarly to vertical loads, must be resisted at the ground. In some 
instances, it becomes desirable to depend on the resistance of the earth 
against lateral displacement of an imbedded pile. Analytical studies of cer- 
tain refinery type structures, supported on concrete piles, cast in place 
against earth in drilled holes, showed that for some application the provisions 
for the vertical load (bearing or friction) gave a pile of proportions adequate 
to resist lateral loads as well. However, for many cases the resistance was 
well below what may be acceptable, and it became necessary, in the interest 
of economy and rational design, to establish the mathematical expressions 
that relate the pile proportions to the loads it is designed to transmit to the 
ground. 

The problem itself is not new, and during the past fifty years a wide va- 
riety of methods and pile formulas were proposed, with the so called “flag 


Note: Discussion open until August 1, 1957. Paper 1188 is part of the copyrighted 
Journal of the Structural Division of the American Society of Civil Engineers, Vol. 
83, No. ST 2, March, 1957. 


*Design Eng. Superv., The Fluor Corp., Los Angeles, Calif. 
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pole” formulas being, probably, most commonly used by practicing engineers. 
The simplifying assumption is that the pile would pivot about a point some- 
where along its length as if it were absolutely rigid. C.C. Williams(1) pre- 


sented a mathematical solution to the pivot point theory. In the sacred name 
7 of experimentation, some formulas were further modified, and though simple 
a in form, were incompatible with static equilibrium. 


As a result of tests of North Carolina Poles for Electric Distribution 
lines(3) some empirical formulas became available.(4) Other tests were 
described in the technical literature(5) and contributed valuable information 
E to our knowledge of the subject, but most of all re-emphasized the danger of 
a generalization based on rather limited experience, and the urgent need for 
additional quantitative and qualitative studies. Building Codes, in general, 
require that the allowable lateral loads on piles be determined by an “ap- 
proved” formula (or by load tests). In some communities (e.g., Los Angeles 
City) the building officials will accept designs based on the Griffith (6) 
formula, 


L=3.91) Mr 


am : where L = Depth of pole setting, ft. 
4 d = Diameter of pole foundation, ft. 
My = HE = Total moment at ground line, ft. lb. 
g = Maximum allowable soil resistance, lb. per sq. ft. 


It is generally recognized that a mathematical expression for the depth of 
piles subjected to lateral forces and moments should include the physical 
characteristics of the pile, such as E and I, the elastic modulus of the soil, 
the magnitude and direction of the applied forces and moments, as well as 
the lateral movement at the ground level that can be tolerated. However, be- 
cause of the unavoidable uncertainties involved in the fundamental assump- 
tions and the numerical values of the soil constants, simplicity is deemed to 
be of an utmost importance in obtaining practical solutions to the short pile 
problem. 

The purpose of this paper is not to advance a new theory or method of 
analysis, but to present the necessary qualitative information, augmented by 
charts, to aid the designer in the solution of the single, short pile problem. 


Short Piles 


A short pile will be referred to as one whose imbedded depth does not ex- 
ceed ten times its least lateral dimension. 
; The structural function of the short, single pile is to resist vertical as 
1 well as lateral loads and overturning moments, the successful accomplish- 
ment of which depends on the sufficient imbedment depth and capacity to 
sustain the axial loads, shears and bending moments. 


(1) Numbers in parenthesis refer to references at the end of the paper. 
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For the purpose of analysis to resist lateral loads and moments, it is as- 
sumed that the pile is absolutely rigid with respect to the surrounding soil, 
and under the action of applied forces would rotate about a point somewhere 
along its length. It is correctly argued that absolute rigidity does not exist 
and bending stresses are always associated with deflections of the pile axis. 
However, the effect of such deflections on the soil pressure decreases, as 
the rigidity of the pile increases. For the short pile their effect may be 
neglected, and the expressions for depth of imbedment and maximum bending 
moment be derived by the principles of statics. 


Soil Resistance 


The resistance of the earth against lateral displacement of the pile is 
basically a stability problem, the solution to which is obtained by comparing 
the forces that tend to produce a failure to those that tend to prevent it. Al- 
though the soil in its physical behav- 
iour under stress follows the same 
natural laws as doall other materials, 
the relationship is much more complex 
and obscure, and only certain aspects 
of the soil phenomena at the approach- 
ing failure condition can be predicted 
from the laboratory shearing test re- 
sults. Let AB (Fig. 1), the axis of the 
pile, be vertical before the lateral 
loads and moments are applied. As 
the pile is moved into position A' B', 
the soil in front of A' O and in back of 
OB' becomes compressed, and the 
horizontal pressure against the pile 
increases until it reaches the limiting 
value, known as the passive earth 
pressure. Further displacement of 
the pile does not significantly change 
the pressure. Before the passive 
pressure is reached the body of the 
earth is in a state of elastic equi- 
librium and the magnitude of the pres- 
sure is related to the amount of pile 
movement. The movement, at the 
ground level, required to develop the 
passive pressure may be as high as 
1/32 inch per foot of pile imbedment. 

In sandy soils full elasticity may not 

be realized even at low loads since 

the sand may fill the space left as the 

pile was moved, thereby preventing its return to the vertical position upon 
removal of the overturning forces. The result is more deflection for re- 
peated loads. When the ultimate soil resistance is reached, the body of soil 
is in a state of plastic equilibrium and is on the verge of failure. The calcu- 
lated value of this resistance, or passive pressure, when divided by a proper 
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factor of safety may be used in establishing the allowable lateral bearing 
pressure for design purposes. The general formula for estimating the pas- 


+ sive pressure is: 
4 p, = ksh %2) + 2c tan(45° + %2) 
= unit weight of soil, pounds per cu. ft. 
= depth, ft. 
c = cohesion, pounds per sq. ft. 
J ® = angle of internal friction, degrees 
= efficiency factor 
a horizontal pressure against vertical plane, psf. 
‘ The unit weight is usually between 90 to 120 pcf, with 100 pcf being used 
je €=s for design. When the water table is within the pile depth the submerged unit 
7 ™ weight should be used. The water pressure acts around the pile with equal 


intensity and thus cancels. Cohesion is very significant in clayey soils, but 
there is very little of it in dry sand and gravel. In contrast, the angle of in- 
ternal friction, which is a measure of the frictional resistance between the 
soil particles, is negligible for some cohesive soils and may assume to be 
zero for the softer clays. 

To allow for the additional resistance due to roughness of the contact sur- 
face of concrete piles poured in bored holes, or the naturally compact soil in 
the case of driven piles, the frictional portion of the passive pressure in 
multiplied by an efficiency factor, which for round bored foundations may be 
assumed as 2. The semi-empirical nature of the subject makes it very de- 
sirable that the actual soil resistance and the magnitude of the deflection 
should, wherever possible, be tested by experiment. 


Allowable Lateral Soil Bearing Values 


Just as there are several formulas and methods for co: suting the magni- 
tude of the maximum pressure against the pile, so there is also no universal 
agreement as to the safe values that may be used for design. Previously, 
reference was made to the formula that is acceptable to the officials of the 
Los Angeles City Building Dept. The allowable unit lateral bearing values on 
undisturbed soil are set forth in Table I. These values are allowed in the city 
since February 1953. Prior to that date, the allowable pressures averaged 
about a third less. Figure 2 shows the formulas that the City uses for the 
determination of actual soil pressures. The Griffith formula (p*) may be 


written as L = 3.81 and squared, L”? = 14.52 = whence, 
if 14.52 HE 
7 [-—— * S, which is the formula given for a round section. 


Los Angeles County discards the first foot of imbedment and for the re- 
mainder allows 400 psf/ft. depth. 

When using the expressions and charts for depth of penetration, given in 
the next paragraph, it is assumed that the magnitude of the pressures 
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(Los Angeles City) 


LATERAL BEARING ON SOILS 
DETERMINATION OF ACTUAL SOIL PRESSURES 


RECTANGULAR SECTION RECTANGULAR SECTION 
Width of Face 
- 236HE 
du 


ROUND SECTION ROUND SECTION 
d= Diameter of Pile 


4884 E 
TABLE NO. | 


ALLOWABLE LATERAL SOIL BEARING VALUES 


Present Values Old 
| Values 
since 1953 


Compact coarse sand, loose sand and gravel mixtures 


Loose coarse sand, compact fine sand 


[ Loose fi ne sand 


__| Hard clay 
Medium clay 


| Soft clay 
Adobe 


Compact inorganic loam 
Inorganic silt, loose inorganic loam, compact organic loam 


D-3 | Muck or loose organic loam 
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mobilized in front of the pile, and in the opposite direction at the bottom, 
will maintain equilibrium without excessive deflection at the ground level. 
The procurement of site and soil data is of paramount importance, and the 
design pressures should be determined from these data. After the adequacy 
and class of soil is determined, the allowable pressures as set forth in 
Table 2 may be used. These values may be modified through a soil investi- 


gation. 


Fundamental Equations 


Let H (Fig. 3a) be the applied lateral load on the pile, and take the ground 
level as the origin. Assume that under the action of this force, the pile 
pivots about a point, whose distance from the supporting surface is “a” 

(Fig. 3b). In order for the pile to behave in this manner it has to be abso- 
lutely rigid with respect to the surrounding soil. Since all piles are flexible 
to some extent, the following analysis shall apply only to short piles, which 
can reasonably be assumed to act as rigid bodies. 

The overturning moment may be due to a lateral force, or an eccentrically 
applied vertical load or a combination of both. Hence, it is more convenient 
to have the formulas in terms of a lateral force, Hp, and moment, Mo, both 
applied at the ground level (Fig. 3d). 

The soil resistance is assumed to increase lineally with the depth. Fig. 
3c shows the resistance per unit of deformation, or soil modulus. Fig. 3d 
shows the pressure that must be developed, against the pile, to maintain 
equilibrium. The pressure is the product of the soil modulus by the defor- 
mation. 

Let the pressure for any point distant x along the pile be py. At distance 
a/2 and L let the pressure against the pile be p and s respectively. Also, let 
the respective deformations be t and u, and the deflection for x = 0 be A. 


Now, at distance x the unit resistance = W * 


(a—x) 
the deflection ray 7 


and the pressure, = x (a-x)X 


at x =a/2 (42-0) WAS =p 


atx=L 


from (2.01) 


from (3.01) 


4 
| Wald). s (3.01) q 
4 
va 


TABLE NO. 2 


RECOMMENDED LATERAL SOIL PRESSURE 
pounds per sq ft per foot depth. 


Class of Material 


Rock in natural beds — limited by the stress in the pile 


Medium hard caliche 


Fine caliche with sand layers 


Compact well graded gravel 


Hard dense clay 


Compact coarse sand 


Compact coarse and fine sand 


Medium stiff clay 


Compact fine sand 
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substituting in (1.01) <P (a -x) xX (1.02) 


substituting in (2.01) = as_ ats _(a/t)'s (2.02) 


4(/-4L) 


The two independent statical equations for the equilibrium of a rigid body are 
E=F=0 and 2M=0 
to satisfy 


- 200 (30-20 


total pressure acting on the pile in front 


total pressure acting on the pile in back 


C= 


and from 


taking moments about the ground line 


= pl’ Ga-34) 


Now, let E = a multiplying (4.01) by E and equating to (4.04) 


SPL E(3a-24)=- pr 


2 


multiplying the numerator and denominator by Ho 


4MoL + 34k” 
6M. +4A,L 


and substituting My for Hy E a= 


(4.0 1) 
Where C - 
4.03) 
(4.04) 
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from equations 4.01 and 7 


2.1 

substituting in (2.02) and re-writing 
s= + (3.1) 


The pressure diagram 1s shown in Fig. 3(d). The general equation for the 
pressure along the pile is obtained by substituting in equation (1.02) the 
values derived for p and a, and reversing the sign. 


The solution can now be obtained by comparing the calculated maximum 
pressures p and s with the allowable earth pressures at distances a/2 and L 
respectively. Let R be the allowable earth pressure in pounds per sq. ft. per 
foot depth. 


— sp 


At a/2, allowable pressure = R$ 4(3M, 1)” 

from which L /2M,/R (4.1) 
at depth L, allowable pressure = = 


from which L?- L/R - /2M./R= O (4.2) 

It is apparent by comparing the two equations that the pressure at distance 

a/2 will — design of unrestrained piles. For the particular case when 

Hy = 0 (- ~» ©) an identical solution is obtained by using the allowable 
12M, 


pressure either at a/2 or L (L® = 


Now let RL = g = allowable earth pressure at the base 


(5.1) 


for H, = 0 
for M, = 0 L= 3.0 VE = 9.0 s (6.1) 
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CZERNIAK 
Pivot Point 


The mathematical expression for the location of the pivot point is given by 
equation 7. Rewriting it to the more convenient form, in terms of ratios of 
the pile depth, the hyperbolic function is written as follows: 


a 
== (7.01) 
© 
The function is plotted in Fig. 4. Its mathematical significance is in the rather 
general solution, applicable to all ratios of moment to lateral load, including 


partial or full restraint. Some of the cases are illustrated in Fig. 5. The 
following comments refer to the correspondingly lettered sketches: 


(a) Increasing the arm of the lateral force, raises the pivot point. For the 
limiting case, where there is only an overturning moment (H, = 0) the 
ratio of a/L is equal to 2/3. It is also seen from the graph, that as the 
ratio of E/L approaches infinity (+) the ratio of a/L approaches the 
asympotic constant value of 2/3. 

When E/L is zero, a/L becomes 3/4. This is the case when the lateral 
load is applied at the ground line (Mo = 0). 
a/L varies between 2/3 and 3/4, for all combinations of Mo and Ho that 
act on the pile in the same direction. 
When the moment and lateral force at the ground line act on the pile in an 
opposing sense, E/L will obviously reverse its sign. Such may be the 
case when there is an initially applied eccentric vertical loading, due to 
partial or full restraint offered by concrete paving, grade beams, tie rod 
anchoring, applied couple, etc. Thus, as E/L varies from zero to -0.50, 
a/L increases from 3/4 to 1.0. For the particular solution when E/L 
equal -0.50, the assumed point of rotation coincides with the bottom of 
the pile (a/L = 1.0). 

For values of E/L between (-0.50) and (-0.667) a/L will exceed unity. 
At E/L = -2/3, the value of a/L approaches infinity and the pressure 
curve becomes a straight line (pressure diagram is triangular). Since 
there is no tendency for rotation, the pile is maintained in its vertical 
position and can move with translation only. 
An important solution is obtained when a/L equals zero (E/L = 3/4), in- 
dicating the lateral resistance of a pile restrained against translation. A 
concrete floor poured around the pile, may be proportioned to provide the 
necessary reaction force. For this case, Ho is resisted directly by the 
slab and does not effect the pile length. The resultant earth pressure, T, 
acting at a distance 0.75 L, together with the slab reaction, form the 
necessary resisting couple, equal in magnitude to the applied moment, 
My. Now, substituting Mo/E for H, in equation 4.2 


and when E/L = -0.75 
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from which Z=/159 R (14.1) 


Round Piles 


The previously developed expressions are applicable to flat surfaces. 
Since a curved surface can penetrate the earth easier than a flat surface, the 
effectiveness of the round pile must be decreased. 

The pressure is normal to the sur- 
face of the displaced pile, and is pro- 
portional to the displacement. 

Let p be the maximum pressure at 
the middle element, Fig. 6. Then 
P, is equal to p cos a. Average 


pressure = 0.636 p 


The maximum pressure against the 


middle element is us or 1.57 times 


the average on the projected area, or 
on a flat surface equal in width to the 
pile diameter. 

Let R be the allowable lateral soil 
pressure on a flat surface, in lbs. per 
sq. ft. per foot depth. Then, from 
above the maximum pressure on the 
round pile should not exceed .636 R. 
Rewriting equation 4.1 to be used for round piles. 


[4.14 Hol /R-/8.85 M/R =O (4) 


The relation between R, L, Mp, and Ho for round piles is represented graph- 
ically in the alignment chart Fig. 7. 

In the chart any four values that lie in a straight line will satisfy equa- 
tion 4. 

Hence when any three of these four values are given, the fourth can be 
found from the chart. 

The values of soil pressure, shear force and bending moment along the 
pile may be obtained from Fig. 8 through 10. Finally, Fig. 11 is presented 
for the case of piles restrained against translation. 


Rectangular Sections 


To find the necessary embedment for members having rectangular sec- 
tions, multiply the width by 1.57 before entering Fig. 7 or Fig. 11. 


EXAMPLE 1 


Given: 
24" dia. x 12' long pile, required for vertical load. 
Assume the supporting surface to start 2'-0" below present 
ground surface. 
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r Lateral force of 1000 lbs. applied 15'-6" above ground surface. - 
Allowable soil resistance = 300 psf./ft. depth. 
4 Solution: 
1000 
3 H, = = 500 lbs Mo = 500 (15.5 + 2.0) = 8,750 lb-ft. 
: L = 12.0 - 2.0 = 10.0 ft. E = 00 = 17.5 ft. : 
E/L = 17.5/10 = 1.75 
5 On Fig. 7 draw a line from M, = 8.75 to H, = 0.5. % 
iy At intersection with R = 300, proceed vertically to horizontal scale _ 
and read 
9.2 ft. < 10.0 ft. ok. 
- from Fig. 4 for E/L = 1.75 a/L = 0.69 i 
from Fig. 8, at = .345 cp = 1.74, at X/L=1.0 = 4.5 
6 x 500 
hence r= 1,57 x x 1.74 = 810 psf aa 
10 
1.57 x 300 x 4.5 = 2,120 psf wo 
from Fig. 9, at X/L = 0.69 Cs = -3.8 
max. shear force V = 500 x 2.0 x (-3.8) = -3.800 lbs. . 
from Fig. 10 at X/L = 0.20 (Vy = 0) cy, = 1.88 
max. bending moment M = 500 x 2.0 x 10.0 x 1.88 = 18,800 lb-ft. : 
EXAMPLE 2: 
Augers of the following shaft diameter are available at the site: 16", 22", 
26", 30", and 36". Select a pile to resist a total moment of 30,000 lb. ft. and } 
a horizontal force of 500 lbs. applied at the supporting surface. Use R = 300 
psf/ft. depth. Min. bearing area to resist vertical loads is 3.0 sq. ft. at 7.0 x 
ft. depth. 
Solution: Ee 
diameter area (sq. ft.) Mo Hg kips L-ft. V (cu ft.) Mis 7 
16 in 1.33 ft. 1.39 from Fig. 7 
26 «2.17 3.70 > 3.0 13.8 0.23 use —9.7 36.0 
30 4.91 12.0 0.20 9.2 45.2 
nh 36 3.00 7.07 10.0 0.17 8.8 62.3 
i Piles of minimum diameter prove usually most economical. 
EXAMPLE 3: = 
| What are the required depth and the reaction force if the pile of example 2 7 7" 


is restrained against translation. 


if 


1188-16 ST 2 March, 1957 


Solution: 
From Fig. 11 for Mo = 13.8! and R = 300 L= 6.6 use 7.0 ft. 


(Equation 16) Pp = 230 + 78800 _ 4/1 


Reaction force = 2,850 x 2.17 = 6,200 # 


EXAMPLE 4: 


A rectangular section 26" wide is used to resist the loads of example 2. 
What is the required depth if R = 300. 


Solution: 


30.0 


1k 


M 
From Fig. 7 L = 8.5 ft. 


NOMENCLATURE 


distance from resisting surface to pivot point, ft. 
distance from pivot point to bottom of pile, ft. 
cohesion, pounds, per sq. ft. 
= moment coefficient 
average soil pressure coefficient 
shear coefficient 
total earth pressure in front of pile pounds per ft. diameter. 
diameter of pile, ft. 
distance from lateral load to resisting surface, ft. (M,/Ho) 


allowable lateral soil bearing at depth L, psf. 
depth, ft. 


applied lateral force on pile, pounds 


lateral force per foot of pile diameter, applied at the resisting surface, 
pounds per ft. diameter. 


restraining reaction due to Mo, pounds per ft. diameter 
efficiency factor, used in the passive pressure formula. 
depth of pile, measured from the resisting surface, ft. 


moment per foot of pile diameter, applied at the resisting surface, 
ft. -pounds per ft. diameter. 


applied moment on pile, ft-pounds. 


th 
0.500 
Ho = = 0.140" 
: 2.17 x 1.57 
3 
4 
4 
| 
° 
. 
c 
c 
af 
d 
| 
h = 
H 
Ho = “ig 
HR = 
k = 
L = 
Me 
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= bending moment at distance x from resisting surface, ft-pounds per ft. 
diameter. 


earth pressure against pile at distance a/2 from resisting surface, psf. 
passive pressure against vertical plane, psf. 

earth pressure against pile, at distance x from resisting surface, psf. 
restraining reaction, pounds per ft. diameter. 


allowable lateral soil pressure on flat surface, pounds per square ft. 
per ft. depth. 


earth pressure against pile at distance L, psf. 
deflection at distance a/ 2, ft. 
total earth pressure in back of pile, pounds per ft. diameter. 


deflection at distance L, ft. 


unit resistance at distance a/2, pounds per (ft.)* 


shearing force at distance x from resisting surface, pounds per ft. 
diameter. 


unit resistance at distance L, pounds per (ft.)* 

distance along pile, measured from resisting surface, ft. 
unit weight of soil, pounds per cu. ft. 

deflection at the resisting surface, ft. 


angle of internal friction, degrees. 
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SUMMARY_OF UATIONS 


A. DETERMINAT T R 
ROUND SECTION (Max. at middie element) 


p= 9.425 He +3\(E) + 26 


1.178 (4Me+3HeL)* 
3Mot 2HeL 


L178 He 


L (3& +2) 


9425 (2Me+ Hel) 
L 
9.425 He +1) 


RECTANGULAR SECTION 
H E x E x2 


0.75 + 3HeL)* 
(3Me + 2HeL) 


0.75 He (4% +3)* 
L +2) 


. EQUATIONS FOR REQUIR PI M MENT 


ROUND SECTION RECTANGULAR SECTION 


14.14 3 _gHel _ Me. 
(4)._ __U 14.14 18.85 = 0 C - 


3 
(5) t= 


4 
ay 
(2.1) 
6 (2Me+ Hel (3.1) 
a 
41 
3 
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C. DISTANCE TO PIVOT POINT 


Me + 4HeL 
6E+4L 
D. SHEAR FORCE ag 
E. BENDING MOMENT 
3 4 
3 4 
3 4 
F. PILES RESTRAINED AGAINST TRANSLATION (£-=—32) 


T RECTANGULAR SECTION 
3 3 
(14) _L = 1.85 R L= 
Mo Mo 
Me 
! 
G. Pl RESTRAI 
ROUN TI RECTANGULAR SECTION 
(16)___..s = 3% (18.1) 
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RESISTANCE TO OVERTURNING 
OF 
ROUND, SHORT PILES 


Allowable 

Soil Resistance 
100 psf/ ft depth 
200 * 


The proper pile length is obtained from the 
intersection of the curve for allowable 
soil_resistance with a straight line drawn 

from Me to He 


He= LATERAL FORCE PER FOOT OF PILE DIAMETER, KIPS 


ile depth: 19-0 


a 
w 
= 
ran] 
4 
a 
8 
a 
2 

z 


ie} 


Given 

24 die x 14 long drilled pile, required for 
vertical lood | 
Allowable laterai resistance 400 psf/ft depth 
Applied lateral force = 9.4 kips. 

Applied moment at supporting surface 


94x(90+1) =120fth 
He 47k m. = 120 
Solution: 
Oraw a line from M.*60 fo He*47. 


At intersection with curve for R=400 
read L on horizontal scale 


Answer: Required L=i8'-0 
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is R 
OF 
ROUND, SHORT PILES 
RESTRAINED AGAINST TRANSLATION 
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pile diameter 
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STRUCTURAL DIVISION 
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CONFIRMATION OF INELASTIC STRESS 
DISTRIBUTION IN CONCRETE? 


Eivind Hognestad,* A.M. ASCE 
(Proc. Paper 1189) 


SYNOPSIS 


Studies reported in the literature regarding inelastic stress distribution in 
flexure of reinforced concrete members are reviewed, and the results ob- 
tained are compared to the recommendations of the Joint ASCE-ACI Commit- 
tee on Ultimate Strength Design. Test results show that the inelastic concrete 
stress distribution consists of a rising curve from zero to the maximum 
stress and a descending curve beyond the maximum stress. A simplified 
rectangular distribution gives a satisfactory accuracy for the common prac- 
tical design cases. The Joint Committee design coefficients are well sub- 
stantiated by test results. 


INTRODUCTION 


Structural concrete and reinforcing steel both behave inelastically at high 
loads. In theories regarding the ultimate strength of reinforced concrete, 
therefore, inelastic behavior of both component materials is of fundamental 
importance and must be expressed in quantitative terms. 

Most reinforcing steel used in this country has a distinct yield point. In- 
elastic behavior of reinforcement may then for most cases be expressed by a 
trapezoidal stress-strain diagram. For reinforcement without a yield point, 
such as prestressing steels, a stress-strain curve obtained in a simple ten- 
sion test will usually give the necessary information. 

Inelastic stress distribution in the concrete compression zone of flexural 
members is more difficult to measure and to express in mathematical terms. 


Note: Discussion open until August 1, 1957. Paper 1189 is part of the copyrighted 
Journal of the Structural Division of the American Society of Civil Engineers, Vol. 
83, No. ST 2, March, 1957. 


a. Presented at ASCE Knoxville Convention, June 7, 1956, Knoxville, Tenn. 
* Mgr., Structural Development Section, Research and Development Div., 
Portland Cement Assn., Chicago, Il. 
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Discussions of this stress distribution, which is often referred to as the 
stress block, have appeared periodically in the reinforced concrete literature 
from the 1890’s to the present day. It has been possible to gather informa- 
tion only slowly, principally because it is very difficult to measure stress in 
concrete although strain may be measured easily and accurately. 

Studies of inelastic concrete stress distribution have taken two principal 
forms. In one group of investigations it has been attempted to arrive at the 
stress distribution by analysis of behavior and ultimate strength observed in 
tests of reinforced concrete columns and beams. In a second group of inves- 
tigations, it has been attempted to measure the concrete stress distribution 
directly by various tests of plain concrete specimens. It is the principal ob- 
ject of this paper to describe the most important findings by these two 
approaches regarding inelastic stress distribution in structural concrete 
subject to flexure. 


Historical Background 


Studies of inelastic concrete stress distribution have been closely associ- 
ated with the development of ultimate strength design theories as outlined in 
Fig. 1. The pioneers of reinforced concrete design defined the basic prin- 
ciples at the turn of the century. For instance, a theory based on a parabolic 
stress distribution was presented by W. Ritter in 1899, and studies of a rec- 
tangular distribution by von Emperger and E. Suenson followed. 

This early emphasis on ultimate strength was discontinued when the elas- 
tic straight line theory and the concepts of safe loads and working stress be- 
came commonly used in design throughout the world. Since the elastic stress 
distribution at low loads is characterized by the modular ratio n, extensive 
researches were carried out regarding the modulus of elasticity of concrete. 
Effects of many variables were investigated in compression tests, and many 
expressions for the modulus of elasticity as a function of compressive 
strength and other variables were suggested. Only a few papers, such as 
those by Suenson, Mensch, and Kempton Dyson, and the experimental studies 
of Lyse, Slater, and Zipprodt, discussed inelastic stress distribution during 
the period between 1910 and 1930. 

A renewal of interest and activity in ultimate strength studies began about 
1930, initiated in this country by the ACI Column Investigation and in Europe 
by von Emperger’s critical studies of the modular ratio and the allowable 
stress concepts of the straight-line theory. Some of the theories that result- 
ed from experimental and analytical investigations are reviewed in Fig. 1. It 
is seen that the stress distributions chosen vary somewhat. In terms of pre- 
dicted ultimate strength of reinforced concrete members, however, there is a 
relatively small difference between the various theories when the proper em- 


’ pirical parameters are used. 


After about 1950, a consolidation of knowledge regarding ultimate strength 
design has been carried out. Theories have been extended to cover combined 
bending and axial load as well as prestressed reinforced concrete members. 
Important and extensive new test data have been reported. Ultimate strength 
design procedures have been put to practical use through introduction into 
building codes in several countries, and a change is being considered in other 
countries. Culminating more than ten years of thorough committee work, a 
final report of the ASCE-ACI Joint Committee on Ultimate Strength Design 
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was published in October 1955, (1) and the recent revision of the ACI Building 
Code (ACI 318-56)(2) permits the ultimate strength method to be used for de- 
sign of reinforced concrete members. 


Ultimate Strength Equations for Flexure 


To illustrate the extent to which quantitative expression of inelastic con- 
crete stress distribution is of importance for practical design purposes, it is 
convenient to consider the basic equations for flexural strength of reinforced 
beams. It is assumed that tensile stress carried by the concrete may be 
neglected in sections subject to bending. As shown in Fig. 2, properties of 
the inelastic concrete stress distribution are represented by the following 
coefficients: 


k, = ratio of average stress to maximum stress 

kg = ratio of maximum stress to cylinder strength, fo 

ka = ratio of depth to resultant of compressive stress and depth to neutral 
axis 


Equilibrium of moments and forces for bending of a section with tension 
reinforcement only then gives (Fig. 2): 


Mutt =As fey (d-k2c) (1) 


k be =Ag fey, (2) 


In most practical cases, ultimate strength is controlled by tension. The 
steel stress at ultimate moment fgy then equals the yield point fy, and we ob- 
tain by solving Eq. (1) and (2): 


in which 


It may be noted that the effect of the assumed concrete stress distribution 
on ultimate strength controlled by tension is completely represented by the 
ratio k2/k kj. It can be shown that this is also the case for combined bending 
and axial load when both tension and compression reinforcement is yielding 
at ultimate strength, and for prestressed concrete when the steel stress fgy 
is near the ultimate strength of the prestressing steel. 

When ultimate strength is governed by compression, however, crushing of 
the concrete takes place without yielding of the tension reinforcement. 
Strains may then be considered in computing the stress in the tension rein- 
forcement at ultimate strength. Assuming a linear distribution of strain, we 
obtain with the notation of Fig. 2: 


(4) 
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FIG. 2- CONDITIONS AT ULTIMATE LOAD 
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FIG. 3- RECTANGULAR STRESS DISTRIBUTION 
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By combining Eq. (4) with Eq. (1) and (2), the stress fsy as well as the ulti- 
mate moment Myjt may be decermined. It is then necessary to know €, and 
independent values of k2 and kjk3, not only the ratio k2/kjk3. To illustrate 
this, the balanced steel ratic: pp for which yielding of the steel and crushing 
of the compression zone concrete take place simultaneously at ultimate 
strength may be computed by solving Eq. (2) and (4): 


fo (5) 
fy 


so that for balanced reinforcement: 


(6) 


Similar equations cover compression failures for combined bending and 
axial load as well as for bonded prestressed concrete. Therefore, basic 
equations of this general nature are powerful design tools provided that re- 
liable quantitative information regarding the stress distribution is available 
at least to the extent of ko, kjk3, and €y. If the entire shape of the stress 
distribution is known, any shape of cross-section and nonsymmetrical bend- 
ing can be analyzed. 


Equivalent Rectangular Distribution 


In many practical design cases it is convenient to consider a rectangular 
stress distribution as shown in Fig. 3. Use of the rectangular distribution 
tacitly assumes that kg = 1/2 kj, which fortunately corresponds closely to the 
geometry of the actual inelastic concrete stress distribution. If the depth of 
the equivalent rectangular stress block is chosen as kj times the depth to the 
neutral axis, all equations for the ultimate strength of rectangular cross- 
sections are identical to those obtained by Fig. 2 for kg = 1/2 ky. For in- 
stance, Eq. (3) becomes: 


Mult =As fy (3a) 


while Eq. (5) remains unchanged because it does not contain ko. 

Such mathematical identity is not obtained for nonrectangular sections and 
for nonsymmetrical bending of rectangular sections. In many practical cases 
and particularly when ultimate strength is controlled by tension, however, the 
errors associated with the use of the rectangular distribution are small. 
These mathematical errors are frequently less thanthe marginof experimen- 
tal scatter indetermination of design values for kj, kg, kg, and € y. 

An equivalent rectangular stress distribution was used to develop an ulti- 
mate strength theory for eccentrically loaded cylindrical columns.(3) Excel- 
lent agreement was obtained between theory and tests of 30 large columns. 
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Joint Committee Report 


Numerical design values intended for practical use were suggested by the 
Joint Committee.(1) It was recommended that the maximum fiber stress in 
concrete should not exceed 0.85 fc, that is, k3 should not exceed 0.85. A de- 
sign value of kg = 1/2 k, was suggested to permit use of the equivalent rec- 
tangular stress distribution. The committee recommended a value for ky of 
0.85 reduced at the rate of 0.05 per 1000 psi concrete strength in excess of 
5000 psi. Finally, it was suggested that the ultimate concrete strain € y 
should not be assumed greater than 0.003. 

By letting kg = 1/2 kj and k3 = 0.85, Eq. (3) becomes: 


3b 
Mult = Ag fy d (| 0.59 q) (3b) 
which is the equation suggested by C. S. Whitney in 1937. 


Tests of Reinforced Columns and Beams 


Analyses of Beam and Column Tests 


Until recently, most of the available information regarding inelastic stress 
distribution in concrete was derived from tests of reinforced concrete mem- 
bers. In the early 1930’s the extensive ACI column investigation(4) of con- 
centrically loaded columns led to the addition law which states that the ulti- 
mate strength of a column equals 85% of the cylinder strength times the 
concrete area plus the yield stress of the longitudinal steel times its area. 
Thus, for concentrically loaded columns, the value k3 = 0.85 was experi- 
mentally derived. 

Several papers on stress distribution and ultimate strength design were 
published in Europe throughout the 1930’s (Fig. 1), followed by the studies of 
ultimate strength in this country by C. S. Whitney.(5) His theoretical 
approach involved an equivalent rectangular stress block with a maximum 
stress of 0.85 fo so that his value of kg was 0.85, and Eq. (3b) was developed. 
Whitney avoided the use of an ultimate strain even for compression failures 
by linking design equations intended for specific practical cases directly to 
tests of reinforced concrete beams and columns. 

V. P. Jensen then presented a‘study of the ultimate strength of beams in 
1943.(6) He assumed a trapezoidal stress distribution and derived the pro- 
perties of this trapezoid as a function of cylinder strength by analysis of the 
observed ultimate strength of reinforced beams. On this basis he found the 
values of kjkg and kg shown in Fig. 4 as compared to the values recommend- 
ed by the Joint Committee. 

Another study of ultimate strength came from the University of Dlinois in 
1951.(3) To interpret the ultimate strengths observed in tests of 120 eccen- 
trically loaded columns a stress distribution was used that consists of a ris- 
ing parabola and a descending straight line after the maximum stress. From 
the results of concentrically loaded columns a maximum stress equal to 85% 
of the cylinder strength was chosen, that is, kg = 0.85. The slope of the 
descending straight line was then assumed at various values, and the cor- 
responding theoretical strengths of all 120 eccentrically loaded columns were 
computed. A final slope of the straight line was then so chosen as to give the 
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best statistical agreement with the observed column strengths. The corres- 
ponding values of kjk3 and kg are given in Fig. 4. It is believed that the 
somewhat lower values of kjk3 as compared to Jensen’s findings result from 
” the fact that the test columns were cast in vertical position so that bleeding 
led to a weaker concrete near the top of the columns than near the bottom. 
Jensen’s findings were based on tests of beams cast horizontally. To simpli- 
fy the practical design methods without serious loss of accuracy, intermedi- 
e ate values applicable to both columns and beams were suggested by the Joint 
Committee. 
In recent studies at the University of Dlinois, kjk3 has been evaluated 
more directly from reinforced beam tests by measuring the depth c to the 
neutral axis at the ultimate moment. Eq. (1) and (2) may be expressed as: 


4 


Mult 
d-k,c 


= k, ks fe be 


When M,,}4 and c are measured and a value of k2 is assumed, kjk3 can be 


evaluated. In this manner Billet and Appleton(7) found: 


3000+ (8) 


1500+ 


Eq. (8) and other expressions developed in a similar manner tend to give 
values for kjkz somewhat greater than those obtained by Jensen (Fig. 4). 
This may be a result of local stress disturbances in the immediate proximity 
of a flexural crack. 


Under-Reinforced Beams 


For the ultimate strength of beams as controlled by yielding of the tension 
reinforcement, the ratio k9/kjk3 in Eq. (3) may be derived by statistical 
methods from tests of reinforced concrete beams. For this purpose Eq. (3) 
was expressed by R. C. Elstner as: 


Mult _ ks 


By differentiating S with respect to k9/k ,k3 and equating to zero, a least 
Squares solution gives: 


* 
ASCE 
= 
3 
| 
ig 
tri QS + q 
ke bd (10) 
q 
By applying Eq. (10) to 364 beam tests carried out in this country or Canada, = 7 
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a value k9/k,k3 = 0.59 was found. This value is identical to, and therefore 
confirms, that obtained by C. S. Whitney almost 20 years ago as 0.50/0.85 in 
Eq. (3b), which value was also recommended for practical use by the Joint 
Committee. Elstner’s findings, which have not been published previously, are 
summarized in Fig. 5. 


Ultimate Concrete Strain 


A large number of tests of reinforced concrete members have confirmed 
the hypothesis that the distribution of strain is essentially linear across a 
reinforced concrete cross-section even near ultimate strength. In this re- 
spect most investigators have agreed. However, values that have been sug- 
gested for the ultimate strain €y at the compression face vary considerably. 
For instance, R. Saliger and C. Schreyer indicated increasing values of fy 
with increasing compressive strength, while A. Brandtzaeg, M. Ros, and 
V. P. Jensen assumed a decrease of £y with increasing strength. It should be 
noted, on the other hand, that these conflicting opinions were expressed at a 
time when very few measurements carried to ultimate strength had been 
made. 

Test results obtained at the University of Dlinois after 1950(3,7) in tests 
of reinforced concrete columns and beams are plotted in Fig. 6. It is clearly 
seen that the ultimate strain of 0.003 recommended by the Joint Committee 
for practical design purposes is a conservative value. 


Special Testing Techniques 


Tests of plain concrete are a second and more direct approach to the study 
of inelastic concrete stress distribution. Three types of tests have been used, 
namely, concentric compression tests, direct stress measurement, and re- 
cently eccentric compression tests. 


Concentric Compression Tests 


Some information has been obtained by concentric compression tests of 
prisms and cylinders. In connection with establishing design values for the 
modular ratio as used in the straight-line theory, a great number of mathe- 
matical expressions were developed several decades ago for the stress- 
strain relationship of concentrically loaded prisms. Most of these expres- 
sions consider the range from zero to the maximum stress only. By using 
Suitably stiff testing machines or by surrounding the concrete specimen with 
a system of steel springs, however, stress-strain relations have recently 
been observed beyond the maximum load and far into the inelastic range.(8- 10) 
Though direct application of such stress-strain relations for concentric com- 
pression to the case of flexure has been vigorously challenged, concentric 
tests do, in the writer’s opinion, give valuable qualitative information regard- 
ing the flexural stress distribution. 


Direct Stress Measurement 


Various special testing techniques have been developed to study the flexur- 
al stress distribution directly. A special testing machine was constructed at 
the Imperial College in London.(11,12) Photoelastic methods were tried at 
Ohio State University,(13) and various attempts have been made to develop 
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stress meters for measurements at high loads.(14) These methods involve 
serious experimental difficulties, and it is difficult to interpret the test data 


obtained. 


Eccentric Compression Tests 


A new special testing technique was recently developed at the PCA labora- 
tories.(15) The specimen used is shown in Fig. 7. It should be noted that al- 
though suitable reinforcement was placed in the end brackets to accommodate 
the loads, no reinforcement was placed in the prismatic region at midheight. 
A major thrust Pj was applied by a testing machine and a minor thrust P2, 
which could be varied independently of Pj, was applied by a hydraulic jack 
and a tie-rod arrangement. Thereby, it was possible to maintain the neutral 
axis as observed by electric strain gages at the bottom face of the test speci- 
men throughout the test from zero load to failure. Without assumptions of 
any kind it is then seen that, by equilibrium of external and internal axial 
forces, the average stress at any load level including ultimate strength 
equals the sum of Pj and P92 divided by the cross-sectional area of the speci- 
men. By further dividing this average stress by the compressive strength of 
companion cylinder specimens, values of kjk3 were obtained. By consider- 
ing equilibrium of moments, it is further possible to compute directly the 
position of the resultant internal compressive force in the concrete at any 
load level including ultimate strength, that is, values of kg were evaluated. 
This method of determining properties of the stress distribution was applied 
to a variety of concretes. 

While this investigation was in progress, very similar work was being 
carried out independently at the Munich Institute of Technology by H. 

Risch. (16 Groups of about five identical specimens were tested with a dif- 
ferent and constant eccentricity for each test. Typical eccentricities for a 
group of five specimens were 0, 0.2, 0.6, and 1.0 times the kern distance. By 
then plotting, for all specimens within one group, strain measured at an out- 
side face at ultimate strength versus applied eccentricity, the eccentricity 
corresponding to a position of the neutral axis at an edge of the cross-section 
was determined. By applying suitable statistical methods, the magnitude and 
position of the internal concrete force at ultimate strength was determined. 

The ultimate strength properties of the inelastic stress distribution ob- 
tained at the two laboratories are summarized and compared with the recom- 
mendations of the Joint Committee in Fig. 8. The PCA tests with sand and 
gravel aggregates have been reported in detail elsewhere;(15) a detailed re- 
port on the tests by J. A. Hanson with lightweight aggregates has not yet been 
published. The German tests(16) were made with sand and gravel aggre- 
gates. It is seen in Fig. 8 that an excellent agreement exists between the 
German and the American test results for sand and gravel concretes, and the 
radical change of aggregate type to lightweight materials caused only a minor 
change in the stress distribution properties. The recommendations of the 
Joint Committee, which were evolved before the test data given in Fig. 8 were 
available, are strongly confirmed by these recent findings. 

From the data of the PCA eccentric compression tests it is possible, by 
simple mathematical means similar to those used by previous investiga- 
tors(17-19) in analyses of reinforced beam tests, to derive the entire stress- 
strain curves for concrete in flexure.(15) This was done for sand and gravel 
concretes with five water-cement ratios tested at four different ages. The 


‘ 
a 
4 
7 
| 
4 
4 
yy 
4 
4 
a % 
i 
; 


ASCE HOGNESTAD 1189-13 


| Neutral Surface 
— 
6-in. SR-4 Gages 
FIG. 7- PCA ECCENTRIC LOAD SPECIMEN 
2I-IF 


ie 
L 
| 
| 
| a 
Hydraulic 
4 
q 
| 
herd 
16-in-—~ 
F 
| 


k,k, at Ultimate Strength 


D 
+ 
© 
© 
N 


Ultimate Flexural Strain 


March, 1957 


Average Stress =k, k3 fc 


Joint Committee 
Design Maximum 


Depth to Centroid 


Committee 
Design Minimum 


Flexural Strain= Ey 


Joint Committee 
Design Maximum 


o - PCA Sand é Gravel 
A - Rusch's Tests 
e - PCA Lightweight 


2000 3000 4000 5000 6000 7000 8000 3000 10000 
Concrete Prism Strength, fc, psi 


FIG. &6-ULTIMATE STRENGTH PROPERTIES OF STRESS DISTRIBUTION 


ae 
3 
4 
1189-14 ST 2 
° 
1.0 
° 
° 
4a i 
2 
6 
0 0 
q 
4 00s 
004 ° ° 
f 003 e— —— — — & — —— — 
° 
4 
002 
cif .00! 
0 : 
4 
a 


ASCE HOGNESTAD 1189-15 


shape of the curves was found to be primarily a function of concrete strength. eh 
The 28-day curves given in Fig. 9 are typical and consist of a rising curve _. 
from zero to the maximum stress followed by a descending curve beyond the 
maximum stress. This confirms previous indirect findings reached by an- 
alysis of reinforced beam and column tests. 

The curves in Fig. 9 are also closely similar to those obtained in concen- 
tric compression tests. There is only one major difference between the be- 
havior of a concrete specimen in concentric compression and that in eccen- 
tric compression. In concentric compression serious cracking of the test 
specimen often takes place at strains only slightly greater than those cor- 
responding to maximum stress. In eccentric compression, however, the first 
visible cracking is usually observed practically at the ultimate load. This 
confirms previous findings in tests of reinforced members, namely, that 
when a stress gradient is present, first cracking takes place at strains con- 
siderably greater than those corresponding to first cracking in concentric 
compression tests of companion cylinder specimens. A redistribution of 
stress takes place; highly strained concrete close to a compression edge is 
aided by less strained material located closer to the neutral axis. 


CONCLUDING REMARKS 


The inelastic stress concepts used by the Joint ASCE-ACI Committee on 
Ultimate Strength Design to develop practical design procedures were essen- 
tially based on analyses of tests of reinforced concrete columns and beams. 
It was of primary importance to obtain a satisfactory agreement between cal- 
culated and measured ultimate strength of reinforced members and to obtain 
such agreement by reasonably simple routine calculations. 

Eccentric compression test methods for plain concrete specimens have 
been developed recently by which ultimate strength properties of the inelastic 
concrete stress distribution may be measured accurately and directly. The 
results of such tests confirm the inelastic stress concepts used by the Joint 
Committee both qualitatively and quantitatively. 
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SYNOPSIS 


This paper describes a direct method of structural design for all types of 
flexible steel arches by means of interaction diagrams. The interaction dia- 
gram developed gives the fiber stress and deflection of the arch cross- 
section as a function of its dimensions. This diagram is analogous to a 
structural interaction diagram for a statically determinate structure, the 
beam column. The design method is illustrated by the design of the quarter 
point sections of the following steel arch bridges: the two-hinged Rainbow, 
the Bayonne, and the hingeless Rainbow. 


INTRODUCTION 


In any type of arch, the rib or truss has two distinct functions: (1) to 
withstand direct compression, and (2) to furnish the flexural rigidity neces- 
sary to resist the bending moment created when the equilibrium polygon for 
the applied load system does not coincide with the position of the arch axis. 
The moment at any point of the arch axis, calculated by the usual elastic 
i. theory methods, is equal to the axial thrust at that point multiplied by the 
perpendicular distance from the funicular polygon for the applied load sys- 
tem to the unmoved arch axis. For long span arches, however, this common 
method of analysis is deficient because the arch axis does move considera- 
. bly, and creates additional moments which in turn further increase the dis- 
tance between the funicular polygon and the arch axis. This inevitable am- 
plification of moment merits careful consideration by the designer. 
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Several deflection theories, developed in the past fifty years, are availa- 
ble to determine the additional stresses and deflections produced by the de- 
flection of the arch axis under load. Either restrictive application or exten- 
sive computations, however, have prevented any of these methods from 
gaining universal acceptance. More important also is the fact that these are 
methods of analysis and not methods of design. 

The interaction diagram—a set of curves describing the structural 
behavior of a member as a function of its dimensions—will enable the designer 
to visualize the entire design range in such a way that he can select a cross- 
section that will result in a desired fiber stress and radial deflection without 
trial or error. 

In order to clarify the structural behaviour of the arch when the displace- 
ment of the arch axis is considered, a simple beam subjected to transverse 
bending and axial compression loads will be analyzed first. The bending 
interaction of this statically determinate structure will be proved analogous 
to that of the arch. The simple illustration for the beam will serve to explain 
to the reader what an interaction diagram is, and its function in design. 
Furthermore such a study based upon the interpretation of the physical be- 
havior of the statically determinate structure, the beam, aids in understand- 
ing the physical behavior of the statically indeterminate structure, the arch. 
Later the bending interaction diagram for the stresses and deflections of the 
arch will be developed for its variable dimensions. 


Interaction Diagram for a Beam Column 
Consider a simply supported beam, Figure 1, which is subjected to an 


axial compression load P at its ends and the transverse load system w (x). 
The center deflection becomes: 


k ML? 
El (1) 


where M is the bending moment at the center produced by the direct load P 
and the transverse load w (x). The term k is a constant depending on the 
distribution of the bending loads and the variation of the moment of inertia I 
along the beam. 


FIG. 1. SIMPLY SUPPORTED BEAM SUBJECTED TO TRANS- 
VERSE BENDING AND AXIAL COMPRESSION LOADS. 


3. Reference 7, pp. 128-132. 
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The maximum fiber stress f occurs at the outside top fiber of the beam at 
the midspan, 
A I I (2) 
where A represents the cross-sectional area, M, the bending moment at the 
center due to the transverse load only, and c half the beam depth. Combin- 
ing equations (1) and (2): 
A” 


The term kPL2/E has the same units as I. Its function in equation (3) is 
to reduce the flexural rigidity of the beam. Therefore it will be called the 
“reduction factor” and will be represented by I... Equation (3), therefore, 
can be written as, 


(3) 


Ms c 
(4) 
and since M = Mg + Pv, equation (1) becomes, 
k Ms L2 
v= 5 
E(I -I,) 


The second part of equation (4) is a bending expression for the interaction 
of two separate bending effects: (1) the bending stress M,c/I induced by w(x), 
and (2) the bending stress Pvc/I induced by P acting on the sagged beam. 
Now the effect of each separate action on the structural behavior of the beam 
will be considered for varying beam depths and cross-sectional areas. The 
depth d shall be varied first, keeping the cross-sectional area A constant. 
The resulting curves will give stress and deflection values for the various 
depths. By changing the cross-sectional area later a family of curves will 
result. 

If only the transverse load w(x) acts, then P = 0 and I, = 0, and the bend- 
ing stress in equation (4) becomes, 


fi. Msc . Ms d | 


I 2KAd* Ad 
where K is a constant dependent on the distribution of the cross-sectional 
area. For a given A, equation (6) plots as a hyperbola (b) in Figure 2(b). 
The effect of P alone is given by the second part of equation (4) when 
I =0, 
fie Msc, Msd g 
I, l, (7) 
which plots as a straight line (c) in Figure 2(b). 
The reciprocal of the bending stress in equation (4) is equal to the 
reciprocal of equation (6) minus the reciprocal of equation (7). 
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Equations (5) and (8) can be further simplified to: 

| d 


The relative bending stress f, is plotted as curve (a) in Figure 2(b), and 
the relative deflection v is plotted as curve (d) in Figure 2(a). 

The curve for f' is asymptotic to both the d abscissa and the f ordinate, 
while the bending stress f" is a linear function of d. The curve for the total 
bending stress f,, is asymptotic to two axes: the ordinate axis at I =Iy and 
the d axis. At the d value where I =I,, the influence of P acting on the 
sagged beam has become so great that the moment of inertia available to 
resist the bending action has been neutralized by the reduction factor I,. 
When this occurs, the beam buckles in the vertical plane and f, > ~. 

As the depth increases, the total bending stress f, approaches the bending 
stress f' since the influence of the reduction factor I, on the f, curve 


diminishes as the depth d increases. Therefore, as I becomes much 
larger than the reduction factor I,, the f, curve practically coincides with 


the f' or bending stress due to simple beam action. 

In the deflection diagram the same behavior is evident. Figure 2(a) shows 
the deflection curve asymptotic both to the ordinate at I =I, and to the depth 
axis. As the depth decreases, I decreases to the point where I =1,, and 
then the beam buckles in the vertical plane as v > o. If the depth increases 
very much, I will become greater thus producing an extremely high flexural 
rigidity; the deflection then tends towards zero. 

Figure 3 is an extension of Figure 2, in which the effect of various rela- 
tive areas upon the relative stress and deflection has been included. The 
solid curves of Figure 3(b) can be computed on a relative basis from the 
interaction expression for bending alone.4 Once a scale for the relative unit 
coordinates for the graphs can be established for a given problem, the rest 
of the coordinates follow by proportion to Figure 3. 

An interaction diagram, however, is not complete for this problem unless 
the effect of axial stress is included. Since the axial stress is dependent only 
upon the area and not the depth, it merely raises each bending interaction 
stress curve by an amount P/A. A sample set of final stress curves is 
shown dashed in Figure 3(b), and are dashed to indicate that relative values 
of P/A cannot be established for all problems on a proportional relative 
graph, but must be calculated individually for each problem. 

Once scales have been established for the coordinates of the deflection 
and stress curves, and the effect of axial stress has been included to this 
scale, it is possible to directly determine the depth and area that will 
simultaneously satisfy a given stress and deflection. Only one such solution 
is possible that uses a minimum cross-sectional area. This will be illus- 
trated in the use of the arch interaction diagram for design. 


Ve 


4. Sample calculations: 
Point (1), Figure 3(a). d = 1 and A = 2 in equation (9). 
v = 1/((2)(1)2 - 1) = 1. 
Point (1), Figure 3(b). d = 1 and A = 2 in equation (10). 
fp = 1/((2)(1)2 - 1) = 1. 
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MIKLOFSKY - SOTILLO 
Interaction Diagram for Arches 


The problem of the arch is very similar to the problem of the beam sub- 
jected to transverse and axial compressive loads. The arch problem is the 
beam problem with the following additional considerations: horizontal dis- 
placement, settlement of beam supports and axial distortion. 

Since the elastic theory will be used for all derivations and solutions of the 
deflected arch, it would be inconsistent to refer to the usually accepted terms 
of “elastic theory” and “deflection theory.” The authors consider more ap- 
propriate and descriptive the terms “rigid arch theory” and “flexible arch 
theory,” and consequently will use them. 


The Two-Hinged Rib Arch 


Consider the two-hinged rib arch shown in Figure 4. The loading applied, 
w(x), critical for a point a, produces the shown displacement of the arch axis. 
The moment at point a in the rigid arch is: 


M.* W 


where W = sum of all downward loads acting between A and a. 

Assume that as the arch axis deflects, the value of H remains unchanged 
and b, where W is considered to act, does not move relative to the load 
points which also undergo a horizontal displacement. The moment at a in 
the flexible arch is expressed by: 


M = (12) 
which when combined with equation (11) reduces to the following: 
M=M, + Hm + Vn - W(n-n,) (13) 


A two-hinged arch rib must satisfy the equilibrium dictated by equation 
(13). The values of M,, V, H and W can be determined from the rigid arch 
system, but three unknowns still appear in the equation: m, n and np. There- 
fore, in order to solve equation (13),three more equations must be introduced. 

Figure 5 gives the moment diagram for both the rigid and the flexible 
arch for the loading being considered. The ordinate M, of course, is un- 
known. It has been assumed that point o is the point of zero moment for both 
the rigid and the flexible system. Assume that at any point of the arch 
I=I, sec 6, where I, is the moment of inertia at the crown and @ is the 
angle of inclination of the arch axis with the horizontal at that point. If the 
arch is cut at o, and a roller is inserted at the same point, an arch of span 
L, with a rise differential hy between supports will furnish two relations as 
a function of M. Such an arrangement is illustrated in Figure 6. 

The purpose of the roller is to permit horizontal, but not vertical, 
translation of point 0. From the shape of the moment diagram, it is evident 
that there is a relative displacement between points A and o. But since A 
is a hinged support with no displacement, point o must move horizontally to 
satisfy the flexural straining implied by the moment parabola with ordinate 
M. Once the horizontal displacement of o has taken place, the span Ao acts 
as an arch. 
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If the conjugate structure method? is employed, an equation for m and one 
for n as a function of M can be derived. Figure 7 shows the conjugate 
structure loaded with the elastic loads Myds/EI, where My is the moment 
at each ds segment along the conjugate structure, and EI is the flexural 
rigidity of each increment. 

But since I=I, sec @ and ds = dx sec @ , the elastic load term becomes 
M dx /EI,.. If point o undergoes no vertical deflection (ie. m, = 0), then the 
vertical deflection undergone by point a is equal to the neatiens moment at a, 
about the y-y axis, produced by the elastic loads which act on the conjugate 
structure lying on a horizontal plane: 


KiMLo (14) 
EI, 


Taking moments about the x-x axis at a: 
El, 


where k, and kg are constants depending on the section considered, the load- 
ing system and the distribution of I in the arch. 

The values of ky and ky can be assumed to be 5/48 and 1/6 respectively 
without introducing much of an error. The calculations of these values is 
simple, however, and it is preferable to calculate them for the sake of 
precision. 

Now the vertical deflection, mg, in the arch at point o is not equal to 
zero. By the conjugate structure method, the initial deflection, Mpr, at o 


n 


can be calculated. If it is assumed that this initial displacement, as a result 
of the change in configuration of the arch axis, is amplified by the same pro- 
portion as the moment at a, then, 


Mo = Mor (16) 
r 


Now let the additional vertical deflection at the quarter point a, due to the 
deflection of the inflection points (A and 0) be equal to the average deflection 
of these. The vertical deflection at a in the flexible arch due to flexural 
strain only becomes: 


_ 
EI, 


(17) 


It is also desirable to include the deflections due to secondary effects such 
as temperature, erection errors and rib shortening. These deflections in- 
crease the moment at a, but they are not subject to amplification themselves. 
The total vertical deflection at a then becomes: 


Mom 
or (18) 
EI, M, 2 


5. Reference 4. 
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FIG. 7. THE CONJUGATE STRUCTURE FOR THE SHORT ARCH. 
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Likewise, 
oh 
ET, 
where mg and ng are the vertical and horizontal deflections respectively at 


a, due to axial distortion of the arch rib. Employing the same amplification 
factor used in equation (16), 


(19) 


M 
r 
If equations (18), (19) and (20) are substituted in equation (13), then, 


2M, 


Since I=I, sec @ and f = A + =s. , and if c is taken as one half the depth 


d, then the total unit fiber stress at point a is: 
[M, +Hme + 


2M, 


Now the second part of the denominator in the bending expression has the 
same units as I. This term, as in the case of the simple beam, shall be 
called the “reduction factor” and be expressed by I,.. 


Letting Mj = M, + Hmg + Vng - W (ng - npg), equation (29) becomes: 


tote (23) 
A 2(I I,) 


and the deflection expressions equation (18) and equation (19) become: 


ZE le Mor 
M, sec @(k,L2 + 


M, sec © (kab 


The form of equations (23), (24) and (25) is adequate for analysis work, 
but not for design because neither the shape nor the distribution of area in 
the cross-section is considered. Consequently, these three equations must 
undergo modification. 

Let d = depth of rib, t = web thickness, Iw = moment of inertia of web 


about the bending axis, and Ir = moment of inertia of the flange about the 


+ (25) 
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I 

bending axis. Also let K = 2 and N =d/t. The expression for the total 
Ww 

area is, 


= 


and for the total moment of inertia is, 
d*(Ktl) (27) 
l2N 


In order to account for bracing plates near the bending axis in box-type 
rib sections and for the cross-sectional area reduction due to rivet or 
template holes in plates, equation (26) should be modified to 


A = (28) 


where g is a factor varying from 0.95 to 1.15 in design work.§ 
Employing equation (27) and equation (28), the final expressions for f, m 
and n become: 


= 


4 


d 


+ No 


To construct the interaction diagram for design work, one would now 
proceed as follows: Guided by the specifications and past experience, select 
the value of N. The maximum allowable N depends on the specifications 
and the type of steel used, but under no circumstance is N greater than 170 
so that the web is safe against buckling. The value of g the designer selects 
from experience and predesign calculations. The equations for f, m and n 
thus simplify to expressions involving two independent variables: d and K. 
Working with a value of K in table (1) and table (2) which are for N = 100, 


6. If the designer assumes that 5% of the cross-sectional area for a box-type 
rib section will be removed for the riveting or welding operation, and that 
a transversal stiffening plate at the neutral axis will constitute 15% of the 
box-section area, then g = 1.00 - 0.05 = 1.10. 


ay 
a 
m= +~ m 2 
r (30) 
) 
q (31) 
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for each d value the designer selects the values of d2(K + 3)/3N and 
d4(K + 1) /12N respectively. These different values he substitutes in 
equations (29), (30) and (31), obtaining values for f, m and n respectively. 
The m and n deflections are combined to determine the radial deflection 


u= V m2 +n2, Although the process appears long, the diagram plots 
rapidly by aid of tables (1) and (2). The interaction diagrams resulting then 
have f and u as the ordinate, d as the abscissa and a family of K curves. 
The interaction diagrams are analogous to those for the beam column, ex- 
cept K and u replace A and v respectively. 


The Two-Hinged Truss Arch 


The problem of the truss arch is solved by treating it basically as a rib 
arch. Let the dotted line in Figure 8 represent the arch axis which coincides 
with the desired force polygon. 

The moment equation for point a in the arch axis for a specified loading 
condition, assuming I =I, sec 6 , is given by equation (21). The loading 
candition critical for member uc is shown in Figure 8. Since S,,., the stress 
at uc, is equal to the moment at i divided by the radial depth d, and the 
moment at i is equal to Mj = M + Hh, then, 


Mi Hh 
= + 
Sue le | + k2VL oho d 
EI 


2Mer 


LIVE LOAD w(x) 
DEAD LOAD 


FIG.8. THE TWO-HINGED TRUSS ARCH. 
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where Mj is the same as in equation (23) and M,, is the moment at a in the 
rigid arch system. The unit stress in member uc if f = Suc/A, where A, is 
the cross-sectional area of member uc. If dj and dg are the distances from 
the arch axis to the upper and lower chord respectively, and Ag is the area of 
the lower chord, then the total moment of inertia about the arch axis is I = 
Ady? + Aodo”. Assume that the arch axis passes through the centroid of 


the chord areas (ie. Aydy = Agdg); then the unit stress in the upper chord is, 


M, (d- de) Hh 
A, d(d-d,)-S€° +kaVLohotH3E Nbr) | A.d 
E (33) 


cr 


But the second part of the denominator is equal to I,, so equation (33) is 


M, (d - da) ih 
A,d(d - d2)-I, 


By making the same substitutions in equation (24) and equation (25): 


simplified to: 


mM, (ki 4+ LE Mor ) 
E 2 Mer 
A,d(d-d,)-I, 


n= (Kal oho) 


The above three expressions will give the designer an ample description 
of the structural behavior of the section as a function of Aj, d and dy. The 


value of dy is arbitrarily selected by the designer from architectural con- 
siderations. Then, for each value of Ay in table (3), the desired A,d values 


are obtained. Carrying out the indicated operations, and combining m and n 
into u, the resulting interaction diagrams would consist of f and u as 
ordinates, d as the abscissa and a family of A; curves. For the design of 


the lower chord, equations (34), (35) and (36) are employed with Ag and dy 
replacing A, and dg respectively; the loading condition, of course, is 
critical for the lower chord member. 


The Hingeless Rib Arch 


This type of arch is the same as the two-hinged rib arch, with the addi- 
tional consideration of the fixed end moments. In the following derivation, 
two more terms are included: My, and Ms, which represent the moment 


at the fixed end of the rigid and flexible arches respectively. 


i 
zs 
4 
q 
= 
(35) 4 
4 i 
44 
4 
4 
Ag 
4 
4 
a 


= 

4 
= 


, 000f009  000£00S 


000‘S99 | | 
000‘0€9 , | 
000'56S | 000fOTS | 
000£09S | | 
000 585 | 0000s" | 000*SLE 
000‘06% | 000f0z4 | 
0005S | 000‘06€ | 
000‘02" | | 00000 
000*Sg€ |  000*SL2 


000‘0SE | 00000€E | 000'0Sz 
000STE | 000fOL2 | 000'Sz2 
000‘0gz | 000 | 000f00z 
000 | 000f0T2 | 000'SLT 
000 ‘OTZ | | 000‘OST 
000‘SLT | 000‘OST | 000'SzT 
000‘OTT | 000*OZT | 000 


HOUV SSIUL FHL YOd 


000*00z 000‘00T 
| 
000£06T | 000'S6 
000‘09T | 000'06 
| 000'S9 
000‘09T | 000 0g 
000‘0ST | 000'SL 
00002 
, 000° S9 


‘ 


8888388888 A 
° 
8888888888 888383833 8 | 
| 88828538288 8388388888 8 
®! § 4 
{ & Wow 
4 
& 
_ | 883 
| S wow 
4 
4 288888 88888888s 
a 
2 ; ro) 
on 
>: | 


1190-18 ST 2 March, 1957 


Point a, Figure 4, the critical point, is in equilibrium when the following 
equation is satisfied: 


M+ My = V(x,-n)—H(y,-m)-W +(n—n,)] (37) 


The increase in positive moment at a introduced by the shifting of the arch 
axis, nowever, is approximately equal to the increase in negative moment at 
the fixed end.‘ Therefore, M - M, = M; ~- Mf,, and equation (37) becomes: 


M= M, + 
_sec + k2VLohot HEE Ie | (38) 


2M, 


1 Sec © tat | (40) 
2M, 


From this point on, the problem for analysis or design is identical to that of 
the two-hinged arch rib. Therefore, equations (23), (24) and (25) should be 
used for analysis, and equations (29), (30) and (31) for design. 


The Hingeless Truss Arch 


This type of arch combines the flexural rigidities developed by the absence 
of hinges and also by the depth of the truss. The problem can be solved by 
combining the derivations for the hingeless rib arch and the two-hinged truss 
arch. The unit stress at the lower chord and the vertical and horizontal de- 
flections are given by equations (34), (35) and (36) respectively, where Mj, is 
given by equation (39) and I,. by equation (40). 


The Tied Arch 


The inward pul] at each support is produced by the tie member connecting 
the hinges, and this internal pull enables the structure to be analyzed as an 
arch. A structure of this type should be designed as a two-hinged arch as 
previously considered. 


Design Illustrations 


The design procedure to be proposed will be accurate and simple for an 
experienced designer. After the designer has selected the type, span and 
rise of the arch, has designed the floor deck and established the geometry of 
the arch axis, the design of the arch rib or truss is undertaken. From this 
point on, five definite design steps are necessary. 


7. Reference 2, p. 32. 
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(1) Assume that at any point of the arch rib I = I, sec 6 .8 Compute the 
influence line for the redundant horizontal reaction H at the supports. 

(2) Using the solved redundant information from the previous step, calcu- 
late the necessary influence lines for moment and axial thrust at the desired 
panel points. Use these influence lines to determine the critical location of 
the live load in each case. 

(3) In the rigid arch system determine at each desired point the reactions 
due to dead load, critical live load, impact, wind, temperature and errors of 
erection. For the critical loading for each point, determine H, V, W, L, 
and 

(4) Determine for each critical loading condition the values of ky and ko, 
and the deflection values of ny, Moy, Nor, Mg, ng and npg. 


(5) Substitute the necessary values in the interaction expressions for 
every point considered. The resulting fiber stresses and deflections are then 
plotted. The interaction diagrams then enable the designer to select an ade- 
quate cross-section for each point considered in the arch system. 


Design of the Rib Section at the Quarter Point of the 
Two-Hinged Rainbow Bridge for D.L. + L.L. +I. 


The two-hinged Rainbow Bridge, 950 feet in span, never advanced beyond 
the preliminary design stage because it lacked flexural rigidity. Instead, the 
hingeless Rainbow Bridge was designed and built in 1941 at the Niagara 
gorge. 

The design procedure will be illustrated for the quarter-point of the two- 
hinged Rainbow for the condition of dead load, live load and impact. Tempera- 
ture and erection errors, which make the loading condition more critical 
shall be neglected, for the sake of comparison with published design informa- 
tion by Hardesty.9 

Step (1). To compute the influence line for the redundant horizontal reac- 
tion H at the supports, the following expression for H for any load on the 
arch is used: 


y ds/EI (41) 


ds/El 


8. This assumption for direct design will involve only negligible errors, and 
can safely be employed to solve for the external redundants. It is true 
that the external reactions in an indeterminate structure are influenced by 
the cross-sectional dimensions throughout the structure; but there is 
another factor which exercises far more influence on the magnitude of the 
external reactions: the location of the axis of the structure with respect 
to the force polygon. Therefore, if I =I, sec @, and the arch axis ordi- 
nates coincide with the desired force polygon, hardly any accuracy is 
sacrificed in the procedure. Furthermore, the relation I =I, sec 6 some- 
what approaches the variation in cross-sectional dimensions in most 
arches, whether two-hinged or hingeless. 

9. Reference 2, p. 30. 
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where M, = simple beam moment at each segment due to the loading system. 
Since I =I, sec 6, ds = sec 6 dx and dx is the panel length, then 


x y? 

Step (2). Using the solved redundant information from step (1), we now 
compute the influence lines for the reactions at the quarter point, which is 
point (7). The influence line for the moment at point (7) and AASHO specifica- 
tions require that the uniform live load of 1.375 kips per foot be extended 
from the left support to x = 400 feet, and that the concentrated live load of 
26.7 kips be placed at point (7). See Figure 9. 

Step (3). For the loading shown the rigid arch analysis produces the 
following values: Mr = 24,877 ft-k., T = 7,534 k, H = 7,191 k, V = 4,921 k, 

W = 2,263 k, L, = 438.2 ft. and ho = 149.8 ft. 

Step (4). The values of ky and kg are determined by loading with the 
elastic loads the conjugate structure of a short arch, which has a span Lo 
and a differential height of h, between supports, and calculating the quantities 


m'EI, and n'EI,, at point (7) of the short arch. Having these values, then 


Se. (43) 
M, L 

n'El, 

M,Loho 

where M, is the moment at the quarter point of the rigid arch. Since the 
ordinates—but not the shape of the moment diagram—changes as the arch 
deflects, then the k values are the same for the flexible as for the rigid 
arch system. The elastic loads acting are M, ds/EI or M, dx/EI,, but 
since dx/EI, is a constant the moment value M,. at each individual segment 
can be employed as the relative elastic load at the corresponding segment. 
Taking moments about an axis parallel to the y-y axis and passing through 
point o (see Figure 6), the reaction 6, is 94,149 ft-k. Taking moments 
about the y-y axis and x-x axis at point a the values of m'EI, and n'EI, 
respectively are obtained and substituted in equations (43) and (44): 


Ko s (44) 


491,198,614 


sd (24,877) (438.10)2 = 0.1029 


270,429,667 
K2 = (94,877) (438.10) (149.62) ~ 9-169” 


In the above two equations the numerator represents the statical moment 
of the elastic loads on a conjugate structure, and includes the value of I, as 
a component part. Hence the absolute value of I, is not needed in calcula~- 
tion. Since the deflections resulting from axis distortion are being neglected, 
the terms mg, ng and npg have a zero value. The terms n,, m,, and mp, 


can be calculated by loading the conjugate structure of 950 ft. span and 
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150.75 ft. rise with the moment values appearing in Fig. 9. Taking moments 
about the necessary axes: 


LEI, mor = 26,324,702 k-ft? 
El, n, 270,907,243 k-ft3 
El, (ny - npr) = 75,585,940 k-ft3 


Step (5). Having available the necessary values, the following terms are 
calculated: 


I, = 995,119 


My, sec LEL.m 
(kyLo2 + —_©_OF ) = 31,310,776 ind 


E 


My sec 6 
E 
Substituting these and previous values in equations (29), (30) and (31): 


( ky Lo hy ) = 16,807,649 in? 


7534 298,524 (d/2) 
~ gd2(K + 3) d# (K + 1) 
3N 12N 995,119 


31,310,776 


m= +1) 


Taw 995,119 


_ 16,807,649 
@4(K + 1)_ 
995,119 
In the actual Two-Hinged Rainbow, the value of N was (14) (12) = 89.6 
(2) (5716) 
The designer selects N = 90 for the quarter point section. The value of g, 
to account for a lateral bracing plate at the midheight of the section and also 
for area deductions due to rivet or template holes, is selected as 1.10. This 
value of g usually varies from 0.95 to 1.15. Tables (1) and (2) are for 
N = 100, so the values in those tables should be multiplied by (100/90). In 
the case of the axial unit stress, however, the values of table (1) for 
N = 100 can be used provided the axial thrust is modified to T = 7534 (1.00) 
(90) /1.10(100) = 6164 k. The moment of inertia values in table (2), however, 
must still be multiplied individually by 100/N or 1.11 in this case. A sam- 
ple calculation will illustrate this. For example, for K = 1 and d = 200, 
from table (1) d2 (K + 3) /3N = 533 in.2, and from table (2) d4(K + 1) /12N = 
2,666,667 in.4. The values for f, m and n are: 


6146 298,524 (200/2) 
{= 333 + (1.11) (2,666,667) - 960,051 ~ 26-79 ksi. 


31,310,776 
™ = (7-11) (2,666,667) - 989,051 ~ in. 
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16,807,649 
= (1.11) (2,666,667) - 989,051 


u= 9(15.8)24(8.5)2 = 18.0 in. 


The above calculation is carried out for the values of K and d that 
interest the designer, and are plotted as shown in Figure 10. 

The primary function of the interaction diagrams is to enable the designer 
to select a section that will be safe for the loading specified. Suppose that 
Hardesty’s resulting quarter point values of f = 29.22 ksi, and u = 23.40 in. 
are specified as allowable for the quarter point.10 This means that any sec- 
tion which lies below these two values will satisfy the requirement. It is 
evident that the most economical section is that one which meets both of these 
limiting conditions simultaneously. Only one section can do this because 
29.22 = f;(K,d) and 23.40 = f9(K,d); these two equations involve two 


unknowns, K and d, which can describe only one section. This one section, 
though, can be easily located in the diagram; it is marked (1), and has a 

K = 2.30 and d = 168 in. Therefore, the section has the following dimensions: 
d = 168 in. = 14 ft. which is also Hardesty’s value.11 


A = gd2(K + 3) /3N = 1.10(168)2(2.30 + 3) /270 = 609 in.2, which sub- 
stantially checks Rurdosty's value of 614 in.2. 
I = d4(K + 1) /12N = (168)4(2.30 + 1) /124(1080) = 118 ft.4, which agrees 
closely with Hardesty’s value of 120.24 ft.4. 
t = d/N = 168/90 = 1.87 in., but since a box-type section is used, each web 
plate must be 0.5(1.87) or 0.93 in. thick. Hardesty’s value was 15/16 in. 
or 0.94 in. 
The area of the flange, including the area of the flange angles, is: 
Ag = Ktd/3 = 2.30(1.87) (1.68) /3 = 241 in.2, 
It is interesting to note that if the arch were considered rigid, then the 
reduction factor I, = 0 in the interaction expression; and the quarter point 


unit stress in the rigid arch is: 
7534 (24,877) (12) (168/2) 


f = =99 + (118) 12) ou = 22.55 ksi. 


_ Consequently the increase in stress brought about by the change in con- 
figuration of the arch axis is: 
29.22 - 22.55 
f = 9955 = 29.6% 

Sometimes, however, architectural restrictions fix the depth, and then it a 
is impossible to satisfy exactly the f, u and d requirement simultaneously. ‘« ba 
If the 29.22 ksi. and the 23.40 in. are retained, and d is fixed at 144 in., then 4 
point (3) with K = 5.2 and u = 23.4 in. and f = 25.8 ksi. would have to be 
selected; point (2) with K = 4.5 satisfies the stress requirement at 
f = 29.22 ksi., but exceeds the allowable deflection with u = 29 in. 

The Two-Hinged Rainbow was a preliminary design and it was greatly 
overstressed as a result of the deflection stresses. Using the allowable unit 


= 8.5 in. 


10. Reference 2, p. 24 and p. 31. 
11. Reference 2, p. 24. 
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stress for the silicon arch rib as 23.00 ksi. the importance of the deflection 
of the arch axis will become more evident. Suppose the designer had 
decided to keep the bridge as a two-hinged arch and wanted to retain the 
depth of 168 in. Then point (4), where K = 3, would satisfy the condition; 
but the properties of the cross-section would be: 


A=¢d2 (1.10) (168)2 = 687 in2, 
44 (K +1) 3+1, 4 


The radial deflection for this section would have been only 18.0 in., but the 
rib section is considerably heavier than that which was employed in the 
hingeless bridge which was eventually built. 


Design of the Upper Chord at the Quarter Point of the 
Bayonne Bridge for D.L. + L.L. +1. + T. 


The Bayonne bridge was designed and built as a 1652 foot long two-hinged 
arch truss, so that the necessary flexural rigidity was obtained without 
introducing problems of design and construction. This part shall be con- 
cerned with the design of the upper chord at the quarter point for the condi- 
tion of dead load, live load, impact and temperature drop. This is the same 
loading condition employed by the designer, O. H. Ammann. 12 

Assuming that the dead load panel concentrations are known, the dead load 
funicular polygon and arch axis are passed through the end pins and a crown 
point 275.342 feet above them. This was the case in the actual design. 

The influence line for the horizontal reaction is determined in the design 
step (1). The second design step constitutes the determination of the influ- 
ence line for the moment about the lower chord point Lo. (See Figure 11.) 


The lower chords of the arch truss, in order to satisfy the navigation clear- 
ance requirements, lie on a parabola that passes through the pins and a mid- 
span point 266.0 feet above the pins. 

From the influence line for My jo, the critical loading condition is that 
which has a uniform live load of 3.4535 kips per foot of truss extending over 
44.4% of the span, or from point 0 to x = 734 feet. 

Step (3). By the usual procedure: H = 18,216 k, V = 13,141 k, W = 6845 k, 
h = 9.278 ft., L, = 826 ft., and ho = 275 ft. 

Step (4). Also by the conjugate structure method: k, = 0.1038, kp = 0.1734, 
3 

= -699,537,100 k-ft.3, El = 6,384,868,291 k-ft.”, EI, np, = 
5,016,497,801 k-ft.3, El, (n, - npr) = 1,368,370,500 k-ft.3, Mp = 0.566 ft. = 
6.8 in., ng = 0.106 ft. = 1.3 in., npg = -0.087 ft. = -1.0 in. 


Step (5). Employing the above values, My = 2,336,599 in.-k., 
= 8,860,576 in.4, 
= 8,860,576 


12. Reference 6, Figure 16. 
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Wp * 17.0 K./FT. 
* 3.4535 K./FT. 12.6 K./FT. 


734 FT. ———+ 


TEMP, DROP = 55°F. 
IMPACT FRACTION=0.0936 
PT. 10 SEC 6=1.050 


40 PANELS @ 41.302'=1652' 


Arch Axis Ordinates Moments My, in Arch Axis, Ft.-K. 
Panel Point Re fh y, ft. ( 0 = 20 ) ( 20' - OF ) 


0 
41.302 35,456 =25,02) 
82,60) 5,012 67,426 47,069 

123.906 78.525 95,172 ~66, 922 
165.208 101.692 119,528 -83 , 723 
206.510 123.210 140,132 -97,835 
247.312 143.294, 157,02 -109,200 
289.114 161.905 169,877 -118,226 
330.416 176.98) 178,829 
371.718 194.562 568 -127, 882 
413.020 208.778 185,669 =129,292 
454.322 221.568 183,658 -127,37h 
495.62h 177,273 ,389 
536.926 166, 882 -116, 969 
578.228 5 152, 808 -107,790 
619.330 135,055 
660.832 261.810 113,084 ~81,778 
702 269.422 87,219 977 
743 0436 272.710 55,712 45,751 
78.738 274,682 26,620 -24,112 
826,02 275-342 =50 =50 


0 
1 
2 
3 
5 
4 
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8 
9 

10 

12 

13 


Note: See references 1 and 6 for additional data, 
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Mj sec 6 LEI. Moy 


2 a P 
(ky L,* + = 628,319,793 in®. 


M, sec 6 


E 
Hh = 2,028,169 in.-k. 
The value of dg, the radial distance from Ly, to the arch axis, is 8.85 ft. 
or 106 in. Substituting the above values in equations (34), (35) and (36): 


2,336,599 (d - 106) , 2,028,169 
Ad (d - 106) - 8,860,576 Ad 


828,319,793 
Ad (d - 106) - 8,860,576 


301,278,207 
~ Ad (d - 106) - 8,860,576 


Substituting the various values of chord area and radial depth that interest 
the designer, the necessary values for the interaction diagrams are computed 
and plotted as shown in Figure 12. 

The maximum compressive unit stress allowed in the silicon steel is 
23.00 ksi. Since there is no deflection specification, any point at or below the 
23.00 ksi. line will satisfy all safety requirements. If for this section a 
radial depth of 43 feet, or 516 in., is selected, as it was in O. H. Ammann’s 
design, the most economical upper chord section is that indicated by point (1). 
This chord section has an approximate area of 390 in.2, which is in substan- 
tial agreement with the 385 in.2 of the member UgU jo in the actual design. 13 


Furthermore, the radial displacement undergone by the quarter point, for the 
present loading, would be 22.8 in. Since all the upper chord panel points 
must form a smooth curve, there is not much chance of varying the radial 
depths. As a matter of fact, once two or three upper chords have been de- 
signed, the radial depth value is practically fixed for the rest of the points. 
Consequently the stress and deflection values thereafter become a function of 
A only, and not A and d. The use of a greater depth, for example 975 in., 
would have resulted in an upper chord area of 200 in.2, but this selection 
would have involved much longer web members and further detraction from 
the esthetic element. This selection, indicated by point (2), would have meant 
a radial displacement of approximately 12.0 in. 

It is interesting to note that the truss provides a high degree of flexural 
stiffness. The radial displacement of 22.8 in. would have been far greater 
had a box-type rib been selected as in the Rainbow Bridge. Furthermore, if 
the effect of deflections had been neglected, then My = M, and I, = 0, and 
f = 21.15 ksi. This is only an increase of 23.00 - 21.15 = 8.75%, as com- 
pared to the 29.6% increase in the two-hinged Rainbow. This increase of 
8.75%, nevertheless, deserves the attention of the designer and should not be 
ignored under any circumstances. 


(k» Ly h,) = 301,278,207 in®. 


f = 
m= + 6.8 


- 1.3 


13. Reference 6, Figure 16. 
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Design of the Rib Section at the Quarter Point of the 
Hingeless Rainbow Bridge for D.L. + L.L. +1. + T. +E. 


As pointed out before, the two-hinged Rainbow Bridge was a preliminary 
design which was abandoned because it lacked the necessary flexural stiffness. 
Considerations of the esthetic element did not favor a truss arch, so the solu- 
tion was a hingeless box-type rib arch 950 feet in span. The quarter point 
section shall be designed for the critical condition of dead load, live load, 
impact, temperature drop and errors of erection. All these effects contribute 
to the disfiguration of the arch axis and are consequently included in the de- 
sign. 

The fixed arch has three external reactions at each end, and is indetermi- 
nate to the third degree. One convenient solution is to employ the neutral 
point method to compute the influence lines for the external reactions and for 
the internal reactions at point f, the quarter point. (See Figure 13.)14 In 
this method influence lines are first obtained for neutral point reactions 
which can be combined by statics to give the influence lines for any desired 
point. The Muller-Breslau principle states that “the shape of the deflected 
structure becomes an influence line for reaction when a simple unit move- 
ment in the nature of the reaction is produced at the reaction point.” If the 
arch is cut at the crown as shown in Figure 12, then the total elastic weight 
of the arch produced by a unit load is A, and the moments of inertia of this 
total elastic weight about the x and y axis passing through the neutral point 
are given by I,, and I,, respectively. 


yy 
Since hi. is then the horizontal displacement of the neutral point caused 


by Hp, = 1, then a force 1/1, would produce a unit horizontal deflection with- 


out an accompanying vertical displacement or rotation of the neutral point. 
The horizontal deflections of the arch axis produced by the neutral point force 
‘A. would represent the influence ordinates for H, to scale. The same 


yy and A with respect to V, and M,- All 


the deflection values, or influence line ordinates for the neutral, are then 
readily calculated by the conjugate structure method. 

The influence lines for the external reactions and for the reactions at the 
quarter point are first calculated as design steps (1) and (2). The influence 
line for the moment at point f and AASHO specifications require that the 
uniform live load of 1.375 kips per foot be extended from the left support to 
the point x = 409 feet., and that the concentrated load of 26.7 kips be placed 
at point f. As shown in Figure 14, a temperature drop of 60°F has been 
considered in addition to the following erection errors: the span is 1 inch 
too short and point f has deviated from the calculated position 1 inch in the 
horizontal and 1 inch in the vertical direction. 

Step (3). From the analysis of the rigid arch, the following values are 
obtained: M, = 17,524 ft.-k., H = 6186 k., T = 6,404 k., V = 4513 k., 

W = 2958 k., Lo = 336.2 ft., and hy = 81.54 feet. 
Step (4). Next the conjugate structures serve to determine the following 


values: k, = 0.1032, kp = 0.1682, and due to D.L. + L.L. + 1.: ZEI,mo,. = 


-78,815,779 k.-ft.3, = 76,444,793 k.-ft.3, Elonp, = 58,259,608 k.-ft.3, 
and El,(n,. - np.) = 18,185,185 k.-ft.9. 


pattern, of course, holds true for I 


14. For a detailed description of the neutral point method see reference 3. 
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4 1 KIP 


Hn 


NEUTRAL 
POINT Vn 


; FIG. 13. THE HINGELESS ARCH WITH THE NEUTRAL POINT 
4 REACTIONS. 


re The point b is located at x = 135 feet. 
4 It was pointed out that Ix was equal to the horizontal displacement of the 
7 neutral point caused by a unit load at that point. Consequently, the neutral 
point thrust at the neutral point is: 


+ 
H = etL + error (45) 


Ixx 
If a temperature drop of 60° F and a shortness of 1 inch in span is as- 
sumed, then equation (45) becomes: H = 1.0287 I, , and if it is assumed that 
the crown section has already been designed and T. = 81.17 &. 4 then 
4 H = 83.5 kips.15 
3 Using the ¢onjugate structure method, the deflections at the desired points 
caused by the 60°F drop and 1 inch shortness in span are: ng = -0.7 in., 


{ mg = 6.3 in., and np» = -0.3 inches. But considering the displacements of 
point f due to erection errors, ng = -0.7 + 1.0 = 0.3 inches, and mg = 
: 6.3 + 1.0 = 7.3 inches. (Negative signs mean that the deflection is either 


4 upward or to the left.) 
“4 Step (5). Since at point f M, = 17,524 ft.-k., equation (39) becomes: 


= M, = 232,615 in.-k.; and equation (40) satiate I. = 192,052 in.*. Also, 
M, sec @ m 
1 
Ly? + ) = 11,074,392 in.5 
4 and 
M, sec 6 5 
( Ko L, h,) = 5,422,436 in. 
- 15. From experience the designer must select a preliminary value of I, that 
-* will approximate the final value. If these values are very different then 


4 the preliminary value is modified accordingly. This successive correc- 
tion procedure is employed only for the design of the crown, which of 
course should be the first section to be designed. 
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The above values are then substituted in equations (29), (30) and (31), using 
N = 90 and g = 1.10 which are the approximate values for the actual bridge. 


6404 , 232,615 (4/2) 
+3) (K+ 1) 
270 ~ 192,052 
_ 11,074,392 
~ @4(K +1) 
Togo 192,052 
_ 5,422,536 
~ @4(K +1) 
1080 


Varying d and K, with the help of tables (1) and (2), the values of f, m 
and n are computed and plotted to give the interaction diagrams of Figure 15. 
In the actual design, the quarter point section has a depth of 12 feet., a total 
moment of inertia of 88.2 ft.4 and each web plate is 13/16 in. thick. 16 The 
shape factor is then K = I)/ly, = ( (88.2) (12)4 - 404,352)/ 404,352 = 3.52. Point 


(1) represents this section, and from the diagrams it is seen that the stress is 
approximately 22.00 ksi. and the total displacement is 14.7 inches. The 
section, stressed below the allowable 23.00 ksi. for the silicon steel, is 

safe and fairly economical for the given depth. Point (2) indicates a some- 
what more economical section with a shape factor of approximately 3.3 and 
the same depth. This section would be stressed to the allowable 23.00 ksi. 
and would deflect radially 15.2 inches, and its dimensional properties would 
be: 


+ 7.3 


+ 0.3 
- 192,052 


14444 3.341 
= 


) = 82.5 ft.4 


3.3 +3 
“270 


The fact that the actual quarter point section is slightly understressed is 
not surprising, because the section was actually designed by the elastic 
theory with 20.00 ksi. as the allowable unit stress in the silicon steel rib.17 
In the rigid system, of course, My = M, = 17,524 ft.-k. andI, = 0. Then, 


f = 6404 (270) /1.10 (144)? (6.52) + 17,524 (12) (72) /1,830,000 = 19.98 ksi. 
The change in geometry of the arch axis produces a (22.00 - 19.98)/19.98 = 
10.01% increase in stress. 

It is of interest to note that a section with a smaller depth could have 
been used without making the rib any heavier by increasing the shape factor. 
Point (3), for example, has a fiber stress of 23.00 ksi. and a radial displace- 
ment “. 16.8 in. The K is equal to 6, so the effective area is 
A = gd 2(k + 3) /3N = 546 in.2, while the actual section has an A = 554 in.2. 
Thus the interaction diagram illustrates its usefulness in design in being 
able to give the stress and deflection values for a great many combinations 
of dimensions of the cross section without extended or sometimes prohibitive 
computations. 


= 1,10 (144)2(—=*") = 556 in.2 


16. Reference 2, p. 24, p. 32. 
17. Reference 2, p. 9. 
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CONCLUSION 


In long span flexible arches, the neglect of the deformed configuration of 
the arch axis caused by the load system may introduce an intolerable degree 
of inaccuracy in the stability computations of the structure. 

When the change in configuration of the arch axis is considered, it is 
mandatory that all deflection-causing effects be included in the problem. 
Otherwise the critical loading condition has not truly been produced. 

The interaction expressions developed for the arch indicate that the flexi- 
ble arch behaves as a beam column and the rigid arch is analogous to the 
simple beam. The interaction expressions can be of great value for purposes 
of analysis. Their application does not deal with involved concepts nor 
lengthy calculations beyond the rigid arch analysis, and the results obtained 
are highly accurate. 

The interaction expressions, in their design form, facilitate the drawing 
of the interaction diagrams. Making use of these plots, the designer evades 
the usual trial and error design tactics. He visualizes the entire range of 
design, and selects his section so that it is stressed to a desired level and 
deflects an intended amount. 

The proposed direct design method may further prove to be of great value 
in the not too distant future when the bridge design codes may specify an 
allowable deflection in addition to an allowable unit stress. 
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PRESTRESSED TRUSS-BEAMS 


Ralph L. Barnett,! J.M. ASCE 
(Proc. Paper 1191) 


SYNOPSIS 


The purpose of this paper is to present a design procedure for simply 
supported beams which makes possible the utilization of statically indeter- 
minate composite action and favorable initial stress distribution to strength- 
en available beam sections. A variation of the Queen Post truss with a pre- 
tensioned tie rod is studied and weight savings of over thirty percent are 
demonstrated by example designs. The techniques used are based entirely 
on elastic considerations. 


INTRODUCTION 


Consider a simply supported beam with constant moment of inertia under 
an arbitrary downward acting load system. Impose the rather weak restric- 
tion on this beam, that the maximum moment, M ax’ govern its design. If, 


for example, two negative end moments of magnitude —— /2 were applied 
to this structure, the design moment would clearly be reduced to| M,ax/2! 


Since the external shear distribution remains unchanged, the possible 
lighter design might be governed by shear, web-crippling, deflection, or the 


moment | M |. Under rather special conditions of loading, continuous 
max/2 


and overhanging beams may achieve a moment distribution similar to figure 
(1-b), in general however, a design based on these moments would be un- 
realistic. In an attempt to approach the condition illustrated in figure (1-a), 
examine the statically indeterminate structure formed by adding two similar 
rigid brackets and a tie rod to the beam shown. The resulting moment dia- 
gram differs from that of a simple beam by the constant negative moment H e 


Note: Discussion open until August 1, 1957. Paper 1191 is part of the copyrighted 
Journal of the Structural Division of the American Society of Civil Engineers, Vol. 
83, No. ST 2, March, 1957. 

1. Asst. Engr., Armour Research Foundation, Chicago, Il. 
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FIG.| LOADED BEAM WITH TERMINAL COUPLES 


H-e moment diagram 


FIG.2 TRUSSED BEAM 


throughout L, where H is the tensile stress induced in the tie rod by the loads 
and e is the ¢ eccentricity of H with respect to the centroid of the beam. The 
moment H e will not reduce the design moment to |M aaa unless e is un- 


reasonably large compared to the beam depth or the tie area assumes mas- 
sive proportions. 
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The stress in the tie rod can be increased by “pretensioning.” To illus- 
trate this procedure imagine the tie rod with a turnbuckle in the center. By 
tightening the turnbuckle a prestress force F can be added to H which will 
produce a total negative moment in the loaded beam, (F + H)e, , equal to 

. The beam design may then be based on the bending moment 


| and the axial load (F +H). With e sufficiently large, the above 


Part will increase the load capacity of a given simply supported beam 
designed for ee Furthermore, if sufficient gradation exists in the avail- 


able beams, a specified load may be carried on a lighter section than the 
corresponding simple beam. 

A lower bound for e can be obtained by considering the states of stress in 
the beam shown in figure (2-a). Since the design of a combined stress mem- 
ber is sought, an interaction criterion must be assumed. Hence, require that 
a beam be proportioned to satisfy the straight line interaction formula:2 


(1) 


where the terms are defined in appendix A. 
To the simple beam bending stresses, add the stresses resulting from the 
indeterminacy and the prestressing: 


_P, My F+H F+H 


FIG.3 STRESS DISTRIBUTION -PRESTRESSED BEAM 


If a reduction of the simple beam design is to result from this addition: 


F+H (F+H)e 24 (3) 


AF, 


2. See A.LS.C. Specifications, section 12a, 1954. 
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from which, 
(4) 


where the subscript (1) refers to the top fibers. For an I or WF section, an 
S, F 
upper bound can be obtained for the expression >. The maximum pos- 
a 
sible ratio of section modulus to section area is obtained by neglecting the 


web. 


_ A(a/2)* _ 4 (5) 
(6) 
From the A.LS.C. specifications, 
F,2 10.02 ksi. for (L/r)< 120 and 
£20.00 ksi. Then, < <d 


Hence, for any simply supported I or WF beam with (Ly/r)< 120, ane >d 
will always make possible an increase in the load capacity while satisfying 
the A.LS.C. requirements. To achieve a diminution in the total weight of a 
simply supported beam under a specified load, e must provide a reduction in 
the section that exceeds the bracket and tie weight. As e increases, the 
stresses in the beam and the tie rod decrease in a linear fashion. The cor- 
responding weights of these members are accordingly reduced. When e be- 
comes greater than d/2 2, a bracket is required to transmit the negative mo- 
ment M max/2’ The weight of this bracket increases linearly with the 


eccentricity, and a value is reached after which the total weight economy 
diminishes. 


Improved Design 


The simple prestress design previously indicated can be substantially re- 
fined to permit greater savings in weight. In subsequent discussions, the fol- 
lowing property of moment diagrams is assumed. Under a downward acting 
load system, the shape of a simple beam moment diagram may never be con- 
vex with respect to an interior point. This fact is assured by the fundamental 
relationship, 


where w> 0. (8) 


ig 

— 

dx” 
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(a) typical beam 


moment curve 


(b)moment diagram - loaded beam 


moment curve 


(c) composite moment diagram - loaded beam 


(d) moment diagram - unloaded beam 


FIG.4 TYPICAL PRESTRESSED TRUSS-BEAM 
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-. A unimodal shape is implied by this non-convexity requirement. 

: Consider the typical moment diagram shown in figure (4) for a pre- 
stressed trussed-beam whose maximum moment lies between the brackets 
and whose brackets lie within the span. The critical stress conditions are 


tabulated in table (1). 
Points of Critical 
Stress Combinations 
A top fibers (9) 
a 
bottom fibers (10) 
a 


7 W,E top and bottom ee (11) 
fibers 


(12) 


Where subscripts (1) refer to the top fibers 
(2 


) refer to the bottom fibers 
W refer to the West end of the beam 
E refer to the East end of the beam 


TABLE I - POINTS OF CRITICAL STRESS 


The problem is to design a trussed-beam which will render the values of 
m™ expressions (9), (10), (11), and (12) less than or equal to unity. 

2 Inspect the typical prestressed truss-beam shown in figure (4a). Assume 
q that the allowable moment resistance of the beam section is less than _—— 


and that the loading is downward. 

The beam section outside of the brackets must resist only the positive 
bending moment. The allowable moment on the section is given by SF,. The 
abscissas associated with the ordinate SFp on the positive moment diagram 
are the optimum positions for the brackets as noted in subsequent discus- 

‘ sions. With the brackets so placed, expression (11) is clearly equal to unity. 
"i Because the moment — is greater than that which the beam section can 


resist, a negative moment must be superimposed on the beam section be- 
tween the brackets to reduce M ax’ This negative moment results from the 


7 induced force H and the prestress force F produced in the tie rod. Its mag- 
nitude is (F + H)e and it is transferred to the beam through the brackets. 
The net or design moment is lowered, but an axial stress, F + H, is produced 
between the brackets. With e sufficiently large the combined effect of the 
axial stress and the negative moment reduces the stresses associated with 
i — [See inequality (4) ]. The lowest permissible value of (F + H), called 
b T, is found by equating expression (9) with unity and solving for this quantity. 
v The moment eT may be large enough to have produced negative resultant 
bending moments near the brackets as shown in figures (4b-c). Their 
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maximum values would occur at the brackets and the resulting stresses would 
add to the axial stresses also present. If the design is to satisfy equation (1), 
expression (10) must be verified to be less than or equal to unity. If this con- 
dition can be met, the possibility of producing a tie rod stress T must be in- 
vestigated. 

The prestress force F will be sustained in the unloaded structure in con- 
trast to the induced force H. The unloaded beam is subjected to the negative 
moment eF and the axial force F. By equating expression (12) with unity the 
maximum allowable value of this force, F ant is obtained. The induced force 


must be at least as great as the difference between T and —— if critical 


point A is to be satisfied. 

The minimum size brackets and tie rod can be designed using the force T. 
With the geometry and elastic properties of all structural elements known, 
the indeterminate stress H can be calculated using standard procedures. If 
H is less than T - a it may be possible to increase this quantity by in- 


creasing the stiffness of the tie rod (See Design Procedure V-B). When H is 
greater than T - F aaah the prestress force is equal to T - H. 


Design Procedures 


I. Select a lighter section than the corresponding simply supported beam 
without prestressing. 


I. Calculate the maximum kup kp and Mi.) by equating expression (11) with 


unity. Calculate ky = Calculate 


(13) 


(x). 
b 


: (1) x is measured from the left and right ends of the beam 
when solving for kw and kp respectively. 


(2) S and Fp are the smaller of the possible values. 


note: (1) As L,, becomes smaller, F, and H increase. Therefore use 
the maximum ky and ke when possible. 


(2) If values of ky and ke are used which are less than the 


maximum allowable calculate x = 


Ill. Method A 
A. Select ane. (note: total depth~e + cepth of conventional design, 
B. Calculate minimum T by equating expression (9) with unity. 


f 


| 
| 
| 
| 
| 
af 
F 
= a 
| 
where 
e - (14) 
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(1) eT > My .... Check B, i.e. [ express. (10)] <1 


Try stronger section 
If { express. (10)] > 14 Increase e. (Method B) 
(Try minimum Ly) 
note: If S; = S» and Fo = Fo’ a necessary and 


sufficient condition for B to satisfy 
W,E 


a fy 
—— +=— <1 is that: 
F FL, - 

a b 


eT = My (15) 


(2)eT< My, critical condition at By does not exist. 


Method B 
Calculate the minimum e necessary for the stresses at A and By E to: 
satisfy inequality (1). Also compute the associated T. [ Set expressions 
(9) and (10) equal to unity and solve simultaneously for e and T. | 


Mwy, Mmax52Fp2 (16) 


: h 
note: use greater e when My # Mp 


(17) 


. Calculate the maximum allowable F by equating expression (12) with unity. 


S,F 
2. b2 (18) 


2* b2 


AF 
a 


note: If part of the dead load moment in the positive moment distribution 
acts on the beam without overstressing it before the pretensioning 
is applied, the prestress force F may be increased. The loads re- 
sponsible for this dead load moment may not be used in the calcu- 
lation of H. pe becomes, 


where k gives the smaller value 
of Mp, ()- 


This can be seen by imposing a positive moment distribution on 
figure (4d) with the smaller amount over either bracket equal to 


Mp, 


= 


4 
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V. Calculate H (Virtual work). Design brackets using force T. 


Use: A. = Tif (20) 
c Cc 
> 
EI 
2ds , (21) 
> AE 


where M is produced by the loads not 
acting when the prestressing was 
applied. 


(A)H+F >T Section OK. 
max = 
(B) H + 
(1) Increase A, and hence H. Set: H = T - an and solve for A: 


(a) A >0O... section may be used with this A_, however the 
c ‘ c 
total weight may be excessive. 
(b) A. <0... meaningless... . see (2) or (3) below - 


(2) Increase e - return to III. - Method A. If e becomes too large 
see (3) below. 


(3) Select a stronger section. 


VI. Calculate prestressing force and check shear, deflection, etc. 


F=T-H 


Comments on the Design Procedure 


I. The procedure herein is intended to increase the strength of available 
beams at the expense of depth. If a girder or truss is to be designed with a 
given depth, only small weight savings result from this technique. The de- 
sign of a prestressed girder is considered in reference (4) by Professor 
Magnel. 


Il. The maximum values of kw and kp depend on the shape of the positive 
moment diagram. The design may therefore depend not only on the maximum 
moment but on the type of loading. A single concentrated load placed any- 
where in the span produces the smallest Ly of all downward acting load sys- 
tems with equal maximum moments. The values of H given in appendix B 
increase with diminishing Ly With ky = ke = 0, and Foi = the 


simple procedure suggested in the outset of this paper represents the opti- 
mum design which can be produced by the more detailed scheme. 


Ill. Method A 
If a prestressed member has the prestressing element attached to it in 
such a way that the distance between their centroids remains fixed regard- 
less of any configuration entertained, the possibility of axial buckling as a re- 
sult of the prestress force alone is eliminated. If a hinged strut is subjected 
to an axial load and a lateral force or initial crookedness provides some 
curvature in the strut, a moment is produced in the plane of the curvature 


| 
hy 
= 
iy 
(22) 
= 
il 
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proportional to the distance from the centroid of the strut to the line of ac- 
tion of the axial force. The moment gives rise to more curvature and hence 
more moment, etc. When an axial force is produced by cables fixed to the 
edge of a strut, the line of action of the force remains at a fixed distance 
from the centroid and no moment due to curvature is realized. Consider a 
WF section with a hollow tube welded along the bottom flange. Pass a cable 
snugly through the tube and prestress the beam. Because the distance be- 
tween the cable and the centroids of the bottom flange and entire section can- 
not vary, no axial buckling in the weak direction or lateral buckling of the 
bending compression flange can occur without external loading. When the 
structure is loaded as a beam lateral buckling is possible, however axial 
buckling remains unattainable. In the examples where such cable attachment 
was feasible, Fp2 and F, were valued at 20,000 psi. The following illustra- 
tion attempts to indicate that an equivalent lateral load does not exist and 
hence no second order bending effects are produced when the cable is fixed 
to the section. It can be shown that the vanishing of the equivalent lateral 
loads establishes the first statement of this paragraph. 


FIG.5 VANISHING RESULTANT LOAD ON AN ELEMENT 
OF A PRESTRESSED BEAM 


Method B 
By placing brackets at the intersect‘>n of the positive moment curve and a 


horizontal line with ordinate 4 and then applying a negative moment of 
2M M 
, the design moment assumes a value of | _max 


3 3 | . With the truss 
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configuration used, this is the smallest possible value. When designing 
rolled beams using Method B, trial sections can be obtained by entering the 


M 
table of the A.LS.C. Manual with “= and L. 
IV. The high strength steel used for prestressing may experience losses in 
stress due to creep or relaxation.3 Fmax 25 computed in IV. represents the 
maximum cable stress which can be applied to the unloaded section while 
satisfying the interaction formula, (1). If creep losses occur the remaining 
stress, Filyax, Can be used in part V. It might be feasible to overstress 
{ with respect to formula (1)] the structure initially such that the final pre- 
stress is equal to F 


max 

V. The calculation of the induced force H in the prestressed structure is 
equivalent to the determination of H in the single redundant structure without 
prestressing. This follows directly from the principle of super-position. 
The prestressed structure will have an upward deflection when unloaded, a 
downward deflection when loaded. The difference represents the total live 
load deflection and can be calculated using the conjugate beam. 


L, 
HeL, |= +k,] x 


TET, OSxSky (23) 
L 


where 6 LL™ represents the deflection of the simply 


supported beam without prestressing. 


The King Post truss and the conventional form of the Queen Post truss 
were compared to the trussed-beam studied in this paper. In general they 
were not as effective due to a smaller induced moment, i.e. the moment pro- 
duced by the indeterminacy. Lower values of F, in both trusses and the 
shape of the negative moment diagram for the King Post truss were contribut- 
ing disadvantages. 


VI. The cost of prestressing will dictate the usefulness of the technique here- 
in described. Under average construction conditions, it requires approxi- 
mately 0.4 man hours to prestress a single bar. The following procedure is 
commonly used for prestressing steel rods or cables with threaded ends: 


(1) Place bar in position with washers and nuts on each end, completely 
seating the nut on the non-jacking end. Run nut down on the jacking end 
to provide room for an adapter. 

(2) Screw on the adapter and position the jack. 

(3) Jack to required pressure or bar elongation. 

(4) Run nut home and seat moderately tight. 

(5) Release pressure and remove jack. 


. “Method Presented for Computing Steel Prestress Losses,” by H. K. 
Stephenson and T. R. Jones, Jr., Civil Engineering, Aug. 1955, Vol. P. 510. 


\ 
+ 
a 
HeL, | + x 2 
u\ E He(x - ky) 
* LE, 1, 2E, I, w="s (24) 
“ee 29 
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adapter 


cable-rod 


adapter 


Bracket-Side_ View Bottom View with Jack to pump 


FIG.6 PRESTRESSING BRACKET AND HYDRAULIC JACK 


Many of the companies who supply prestressing steel rent the tensioning 
equipment and provide detailed instructions. The techniques being developed 
for prestressing high strength bolts may conceivably be utilized for tie rods 
and high strength cables. 


Numerical Examples 


Example 1. 


(1) Assume beam laterally supported at third points (both flanges). 
(2) Neglect the dead load. 

(3) Use a WF section - A.LS.C. specifications for stresses. 

(4) Allowable cable stress: f, = 100,000 psi. 

(5) Modulus of elasticity for all members: E = 30,000,000 psi. 


Beam 
4 
k 
| W=800*/! 
it 
| 
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Design Without Prestress: 


= 210. 0'~*; unsupported length, L' = 10.0' 
3 


Try 21WF62 S = 126.4 in 


M 
. = 126.0 < 126.4 O.K. 
b 


Design Using Prestressed Trussed-Beam: 


1. Try 16WF40: A = 11.77 in*, S = 64.4 in, I = 515.5 in’, 


1 


min bt 


20 ksi. 


Ul. M = 210.0'"*, F 
max b 


M 2 
= = x= ky =k, = 6.11 


107. 33'-k 


L. =L- kw kp 30 - 12.22 = 17.78 


Ill. -A Try e = 24.0 = 13.90 ksi. 


- _ 2520 - 1288 _ 39 


2(76. 39) = > M = 107. .... check B 


210.00 - 152.78 = 57.22 > eT - M = 152.78 - 107. 33 


Truss Bracket 


a 


20515. 1°. 33), (1.414)? 1.09) 
= 6.64 k-ft? 


Weight = 2(3. 4) [1. 33(3.84) + 1. 89(6. 50)] 


118.27# 


_ 76.39 . 
A. = 0. 764 in 


5 
4a 
ae. 
AF 
j a 
M = 
max 
SF 
max SF, 24+ 7. 
+ 
V. 
4 
| 
le 
: 
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at. 


© 
= 
by ou 
1.33 J 
2 
‘ Pe ,L 2, , we,, 3 2 3 
L,(e“ + x) + (Li, + 2g) = + Bracket Factor 
P 
2 
16(2) ,30 2, , .8(2) [ 3 2 5] 
2 
| 17.78 |2 (17-78 + 2.67) * 64 
eee = 32. os” note: bending between the legs of each 
r bracket is ignored — the exact value 
is H = 33. 26 kips. 
= 32.56 + 40.41 = 72.97 < T = 76.39 .... increase A. 
T-F___ = 76,39 - 40.41 = 35.98" 
max 
= 35.98; A. = 0.929 in* 
76.53 +— + 6.64 
_) 
c 
F= T-H = 76,39 - 35.98 = 40, 41" 
Weight Saved: 
Cable 20. 45(3. 4)(. 929) = 64.59 Z1WF62: 30(62) = 1860, 00# 
@ 
Beam section 30(40)= 1200.00 
1382. 86# 
60.00 - 
. 
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Example 2. 


:20. 


(1) Lateral support at center (both flanges). 
(2) Use the specifications in the previous problem 


Design Without Prestress: Use 14WF30 


Design Using Prestressed Trussed-Beam: 


Try 8WF20: A = 5,88 in’, S= 17 in’, 1=69.2in*, 1.2 in 


d 


= 4.08 


= 64,0'"*; F = 20 kei. ; ky, = = 3.54; M = 28, 


b 
= 
= 12.92 


WwW 


(12. 92/2412) 265, = 14.95 kei. 


SF. 


b 
(M+ AF, (28. 33 + 64, 00) 20 


én = 
+ (M- 20720) (28. 33 - 64.00) 


max 2 


17.0" = 1. 417' 


_ _ (28.33 + 64.00)12 32 59k 
2(17) 


iQ 
1191-15 
4 
3 q > 
= 
4 
max 
13 
k 
T=32.59 
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= 16.29* 


max 
Cantilever Bracket 


M _ 13(32.59) _ 
ty 


S= 5 


c 
Use: 12B19 ... 21. 


Shear: -11.17<13 O.K. 


1.08 
2x? 


B.F. = 2E,1, fee de. 


 667(1. 08)? = 0,447 insignificant 


Weight: 27319 = 41. 17# 


H —Pelab - k*) g(1.417) [8(12) - (3. 54)7] 


+z 12.92 [(1. 417) + * 320 | 


H+F = 20.55 + 16.29 = 36.84 > T = 32.59 ... O.K. 
max 


F = T - H = 32.59 - 20.55 = 12. 04* 


Weight Saved: 


Cable 14.92(3.4)(.326) = 16.54 14WF30: 20(30) = 600, 004 
Bracket = 41.17 
Beam section... 20(20) = 400.00 


457.71# 


600.00 - 457.71 x 100 = 142. 29 


x 100 = 23.7% 
Example 3. 


welded 
plate 


A 


End View 
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(1) Lateral support at center (both flanges). 

(2) Cable attached to top of the lower flange. 

(3) fe = 100,000 psi.; Modulus of elasticity for all members: E = 30,000,000 
psi. 

(4) Examine a 24WF76 - A.LS.C. specifications for stresses. 


(5) ky, =k, =0 


Without Prestressing: 


24WF76: A = 22. 37 in’, S = 175.4 


R max _ 175.4120) 158 in, 


Moment - Weight With Prestressing: 


23.91 
= i : 4 «anal © = 
= 20 ksi., Mp Ph 5 . 682 - .500 = 10.773 
f f M A 2SF, AF _e 
a; > max +—max mw b 
F 2eAF 2SF max eAF.+5F 
a b a b a b 


_ 2(175. 4)(20)(22. 37)(20)(10. 773) 


4060.60 in-k 


M ex _ 4060. 60 


k 
D* —Ze * (10-773) = 188. 46 


PD 188. 46 
~ 


c 


= 1,885 in“; Wt. /ft. = 76 + 3. 4(1.885) = 82.409 #/ft. 


M 
max _ 4060.60 _ — 


Increase in R_by Prestressing: 


49.274 - 46. 158 x 100 = 6.75% 


With cable attached to the bottom of the lower flange: 


e = 12.455"; M____ = 4305, 52 in-k; P,. = 172.84"; A_ = 1.728 in@ 
max D c 


Wt. /ft. = 76 + 3.4(1.728) = 81.875 #/ft. 
R = 52,586 in-k/-+ 


Increase in R by Prestressing: 
2.586 - 46. 158 


x 100 = 13.93% 


| 


3 = 
ASCE 
Moment-Weight Ratio 
‘ 
b 
4 
i 
M 
a max 
c 
a 
A 
= 
20. 
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Beam 
Section 


14WF48 

1OWF49 

1OWF45 26 #/Ft. 
12WF45 .00 
1OWF39 . 60 
10OWF39 

8WF35 


ot te 
Sm 

~ 


Conventional 
Design 12WF58 


14WF38 
16WF40 
12WF40 
14WF38 
16WF36 
12WF36 
12WF31 
12WF31 
14WF30 


Laterally Braced 
at the Center 
Conventional 
Design 16WF50 


16WF40 
16WF36 
14WF 34 
14WF30 
12WF27 
12WF27 


Laterally 


Braced Entire 


Length Conven 
tional Design 


TABLE 2 - TYPICAL DESIGNS OF PRESTRESSED TRUSS-BEAMS 
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p=20k 
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L=25 

a A. Equiv. Equiv. Total | Percentage #3 

5 2 | Cable Bracket Depth Wt. ‘2 

4 in. Wt. /Ft. Wt. /Ft. (e +d/2) Saved 
8.0" 15,0" 10. 0% 
- ? 7.0 12.0 12. 8% & 
12.0 17.0 18. 6% 
12.0 18.0 17. 8% 
18.0 23.0 26. 4% 
24.0 29.0 25. 8% ‘ 
33.05 37.05 | 30.8% 
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24. 
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BARNETT 
CONCLUSION 


The major disadvantage of the prestressed truss-beam is the depth re- 
quired for it to be effective. Equation (5) indicates that no improvement re- 
sults from prestressing an ideal bending member without increasing its total 
depth. The technique described herein essentially reinforces a given beam, 
therefore, an assortment of sections is required for designing. A “trial and 
error” method is used to select a beam from this assortment which produces 
the lightest structure. When designing with rolled sections substantial sav- 
ings in weight are achieved by prestressing. This procedure is applicable 
where depth limitations are not severe or when it is possible to utilize the 
space between the lower flange and the tie rod for pipes, ducts, etc. Stresses 
produced by differential settlement and temperature changes in continuous 
beams are non-existent in the truss-beam. The laborious problem of in- 
fluence calculations for continuous beams has a simple counterpart in the 
structure considered in this paper. 
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APPENDIX A - NOTATION 


Cross section area of cable or tie rod 


Area of beam section 


Width of rolled section (compression flange) 


Distance from the centroid of a beam to the extreme fibers 


Depth of a beam section 


Eccentricity of cable with respect to the centroid of a beam section 


Modulus of elasticity 


Modulus of elasticity of the brackets 


c 
d 
e 
E 
E 
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E. Modulus of elasticity of the beam 
E. Modulus of elasticity of the cable 
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Unit axial stress 


Bending unit stress 


Allowable cable stress 


Force due to prestress 


Axial unit stress permitted if axial stress alone existed 


Bending unit stress permitted if bending stress alone existed 


Maximum allowable prestress force 


Remaining maximum allowable prestress after creep losses 


Tie rod stress produced by indeterminacy 


Moment of inertia of the brackets 


Maximum moment of inertia of a beam cross section 


I for an ideal bending member 


Distances from the left and right ends of a beam to the nearest 
bracket 


Length of span 
Distance between brackets or unsupported length for bending 


Unsupported length for axial buckling 


Bending moment at any point along a simple beam 


Bending moment due to dead load 
Maximum bending moment in a simple beam 


Positive bending moments at brackets 


Design moment 


Virtual bending moment at any cross section caused by a unit load 
Axial design load 


Moment-weight ratios 


Radius of gyration 


Section modulus 


Section modulus of ideal bending member 


Minimum permissible value of the quantity (F + H) 


Thickness of the compression flange of a rolled section 


Virtual axial stress caused by a unit load 


Live load deflection of a simple beam 


Live load deflection of a prestressed truss-beam 


4 1191-20 ST 2 
f 
a 
f 
F 
a 
max 
ees 4 
: H 
I, 
4 
3 
W,E 
2 
s q 
T 4 
t | 
4 
6, 
4 
ALL 


BARNETT 
APPENDIX B - VALUES OF H 


ky <a<b-k, 


3 2 2 3 3 
L - 3Lky - +2ky + 


b 
(L-ky - kp) 


We 4 2, 2 2 3 4 4 
H = 12L 


(L- ky - kp) 


W ... total load 


We 2 2 2 
E -12L (kw + 8(kyw 
12L 
H= 

I b 
(L-ky - kp) e *A* ATE, 


W ... total load 
Note: For brackets over twelve inches long 
add a bracket factor to the denominator. 
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DISCUSSION 


Discussion of 
“PLASTIC STRENGTH OF STEEL FRAMES” 


by Lynn S. Beedle 
(Proc. Paper 764) 


LYNN S. BEEDLE,! A.M. ASCE. — Mr. Benjamin has brought up a num- 
ber of topics which are important but which could not be covered in a brief 
article designed to document the applicability of plastic analysis to struc- 
tural design. Concerning joint details, the discusser correctly points out 
that much of the information developed could be applied in elastic design. 
Figs.5, 12, and 13 in the paper are cases in point, and further information 
with regard to such details may be found in Refs.12, 13, and in chapter 10 of 
Ref. 14. 

The author intended to leave the impression that the profession could 
safely adopt plastic design for certain steel structures. Of course, it will 
not replace all other design procedures; sometimes the design criterion will 
be fatigue, or buckling, or notch toughness. But in ordinary building con- 
struction such limitations are the exception. Already in England, plastic de- 
sign has been used on a considerable number of structures(15) and one build- 
ing was erected in Canada according to a design based on the plastic method. 

Mr. Benjamin mentions the lack of information on members where a con- ; | 
siderable length is in the plastic region. On the contrary, most of the tests 
have been conducted on members with one-third or more of the span was 
under pure bending or in a condition approaching it. This is true of the ex- 
amples shown in Fig.2, 3, 14b, 15 all of the “Lehigh tests” of Fig. 22, and ail 
of the tests of Fig.23. Since this “pure bending” condition is not ordinarily 
found in practice, the typical behavior will usually be better than that evi- 
denced by most of these tests. 

The other type of member mentioned is the tapered beam. It is true that 
studies of such beams have not been completed (although tests of their lateral 
buckling characteristics are underway at Columbia University). However, ~ 
plastic design achieves its economy without the necessity for tapering the - ty" 
members. On the other hand, if there are instances where tapering might be s 
desirable for other reasons, then such a beam can be analysed without diffi- 
culty by the plastic methods. This is illustrated by the following example in 
which a comparison is made on the basis of a uniformly-loaded, fixed-ended 
beam of forty-foot span. Two possible solutions will be examined; the load 
may be supported by a uniform member or by one tapered from the ends to 
midspan. In the first instance, a 30 WF 108 beam (S = 299.2 in3, Z = 340 in3) 
on a 40-ft. span will support a total distributed load of 375 kips according to 
Eq. (3), 


= 2M, (3) 
1. Assoc. Prof. and Chairman of Structural Eng. Div., Fritz Eng. Lab., * 
Lehigh University, Bethlehem, Pa. 
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How will a tapered beam compare? In analysing the tapered member, equili- 
brium of moment requires that 


Mpl + Mp2 = 2Mp(WF) 


where Mp1 and Mp2 are plastic moments at the ends and center, respec- 


tively, and M)(WF) is the plastic modulus of the 30 WF 108 member. It is 


assumed that the member has a uniform taper, smaller at the center, and 
symmetrical about the center line. The ratio of Mp1 and Mp2 can be 


selected as any reasonable value, say Mp1 = 3 Mp2. Since the plastic 
modulus, Z, bears a linear relationship to M, (Eq. 1), then Z, = 3Z2 = 
3 
9 ZwF - 

For a built-up member the value of Z may be determined from 


d/2 
z=2 | y dA 


Z = bt(d-t) + 7 (d-2t)? (8) 


where Z is the required plastic modulus, b the flange width, t the flange 
thickness, w the web thickness, and d the depth of the member. If the flange 
dimensions and the web thickness are selected to be about what would be 
found for such members (b = 11.0", t = .75", w = .625"), then the only unknown 
in Eq. (8) is the depth, d, which may be obtained by solving the following 
quadratic (solution of Eq. (8) ): 


7 a2 + dt (b-w) - ( Z+t2(b-w)) = 0 (9) 
For Z, = ZwrF = 510 in? and Zo = 52 wr = 170 in’, the required depth at 


the ends is 38-in. and that at the center is 16.8-in. 

Comparing the weight of the two beams, the uniform member, according to 
the plastic design, weighs 4320#. The weight of the plastically designed 
tapered beam is 4440#. Thus the two designs end up at about the same 
weight with a slight advantage (3%) for the uniform member. Of course 
there would have to be added to this the additional fabrication cost for the 
tapered member. Incidentally, conventional elastic design of the uniform 
beam would have required a section modulus of 429 in3. A 33 WF 141 sec- 
tion would have been used, the total weight being 5640# or an increase of 31% 
over the similar plastic design. In addition to showing the economy of ma- 
terial of plastic over elastic design, this example demonstrates that plastic 
design achieves economy without the necessity of tapering the members. 

A discussion of load factors was particularly avoided in the paper. While 
studies of the maximum strength of structures will be helpful in arriving at 
a rational load factor, many other factors also enter into the problem. Rather 
than confuse the presentation of plastic behavior of structures with a discus- 
sion of the factor of safety—a discussion, incidentally, which is equally ap- 
plicable to conventional elastic design—the factor of safety was selected in 
the paper on the basis that “ultimate load as the design criterion provides at 
least the same margin of reserve strength as is presently afforded in the 
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conventional design of simple beams.” Depending on the shape factor selec- 
ted, this value could vary from 1.75 to 2.03; the former was chosen in the 
paper for illustration. 

Concerning “office design costs,” the techniques are relatively simple and 
are being learned by many practicing engineers. But the task of instruction 
and education belongs with the colleges and universities, and many now in- 
clude the subject in their curricula. 

The matter of code revisions comes up frequently. What form should a 
code or specification for plastic design take? A complete revision may not 
be necessary. In England and in Australia, specifications now permit use of 
the method, and this was done simply by adoption of an “enabling clause.” 
A similar approach might be used in this country. Of course such a provi- 
sion would be preceded by surveys and evaluations. Refs. 4, 8, 10, 14, and 
16 are examples. Two other documents eventually are required and work is 
underway on each: 


1) Rules of practice (with commentary) for plastic design 
2) A manual of design examples. 


The former will include a justification of provisions, a documentation by the 
inclusion of test results, and a summary of procedures. Ref 4 constituted a 
first step in the completion of the task of formulating such “rules of practice.” 
It has now been taken on as a joint project of the ASCE (Committee on 
Plasticity Related to Design) and the Welding Research Council (Structural 
Steel Committee, Lehigh Project Subcommittee). The report is now being 
drafted. Work on the Manual of Design Examples is currently under way in 
the offices of the American Institute of Steel Construction of which T. R. 
Higgins is Director of Engineering and Research. Documents such as these 
should go far towards speeding the day when plastic design will be more fre- 
quently used by engineers. 

Mr. Sobotka’s discussion unfortunately contains an error in the formula- 
tion of equilibrium equations (1), (2), (7), and (8). All of the forces acting on 
the “free bodies” were not included in the moment calculation. In general, a 
vertical shear force is present at section C whenever the member is tapered. 
Of course, if the member AB had been of uniform strength in the examples, 
then the shear force would truly have been zero at section C even if the 
moments at A and B were dissimilar. In the tapered beam example cited 
earlier, the plastic hinge forms at the point of maximum moment (and zero 
shear) only because of the particular symmetrical arrangement chosen. Had 
the beam been tapered in the other direction (deeper at center than at ends) 
the hinge would not have formed at the center. Instead, two hinges would 
have formed simultaneously to left and right of center at those points where 
the moment capacity of the beam was just equal to the required statical 
moment of the member. The shear is of course not zero at those points. 

This simply underscores that the variation in moment capacity with distance 
along the beam must be considered in determining the location of plastic 
hinges therein. 


Mr. Sobotka’s “method of forces” is the same as the “semi-graphical 
equilibrium method” noted on page 764-26, described in detail by Ref 5, and 
used to solve the fixed-ended beam problem (See Eq. (3) ). 

In closing, the author would like to thank Mr. Benjamin and Mr. Sobotka 
for the interesting points they have raised. 
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DISCUSSION 


Discussion of 
“DETERMINING BASIC WIND LOADS” 


by George F. Collins 
(Proc. Paper 825) 


GEORGE F. COLLINS.2 — The writer did not mean to imply in his paper 
that the only difficulty in designing for wind loads has been the correct 
evaluation of the precise wind velocities. He agrees with Mr. Hainlin that 
assigning the proper “form factor” is also very difficult. The writer did 
state, however, that his study was restricted to the first step—the deter- 
mination of wind-load variation with elevation. 

The writer also agrees with Mr. Hainlin’s second point that the worst 
winds are often accompanied by heavy rain and hence the impact load is 
greater than if the wind occurred without rain. Dr. H. E. Landsberg, Chief, 
Climatological Services Division, U.S. Weather Bureau, has made this same 
point. 

Mr. Rathbone has extrapolated the writer’s Figure 5 to much higher wind 
speeds than ordinarily observed. It is unlikely that a sustained wind of 120 
miles per hour at 30 ft. elevation would ever be encountered except possibly 
at sea. The writer’s curve can be said to fit the storms studied with a high 
degree of reliability at the elevations of most structures. They may not apply 
to extremely high television and radio towers. Here it is possible that the 
velocity profile might, on occasion, reverse and decrease with elevation. It 
is agreed that Figure 5 will not cover all cases and many more actual field 
observations should be made on tall towers, preferably with pressure-tube 
type anemometers. The 1500 to 2000 ft. level is usually considered by 
meteorologists to be the “gradient wind level” or the point at which surface 
friction largely disappears and the wind speed and direction is dependent en- 
tirely on the horizontal atmospheric pressure gradient. 

There have been several theoretical formulas proposed which give a very 
good fit to actually observed wind profiles (References 2-11, Paper 825). 
These techniques take into account the stability of the atmosphere and there- 
fore require knowledge of the vertical temperature distribution. Unfortunate- 
ly, information of this type is not readily available. Perhaps the best approach 
would be to take the highest wind on record for a location and assume a 
pseudo-adiabatic lapse rate and apply to one of the aforementioned formulas 
such as that proposed by Deacon. (A pseudo-adiabatic lapse rate is a vertical 
temperature distribution such as found in stormy areas where a rising air 
parcel experiences a temperature decrease with increase in elevation at a 
dry adiabatic rate until the dew point is reached. At this point the heat of 
condensation is added to the r.sing column of air and the decrease is ata 
lower rate.) 

The writer agrees wholeheartedly that the case is far from “closed.” 


2. Eng. Dept., E.I. duPont de Nemours & Co., Inc., Wilmington, Del. 
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DISCUSSION 


Discussion of 
“INTRODUCTION TO SEMI-RIGID DETERMINATE 
POLYGONAL TRUSSES” 


by Alexander H. Kenigsberg 
(Proc. Paper 828) 


ALEXANDER H. KENIGSBERG,3 M. ASCE. — The writer wishes to express 
his appreciation to Messrs. Berg, Lane and Prof. Scordelis for their interest 
in his polygonal web trusses. Their comments have been interesting, instruc- 
tive and stimulating. He is particularly grateful to Mr. Lane for the opening 
remark to his extensive comments that “the new and untried must go through 
the objection and obstruction stage of criticism prior to its turning into bene- 
ficial development for the betterment of those concerned” — for this has been 
the primary object of the basic presentation and the present closure. 

Mr. Berg is right, of course, in pointing out that, in the paper’s example, 
the moment at the M-joint of M10L10 becomes +826 in-kips, in place of the 
stated -3,053 in-kips, under the combination of partial live load on the left 
portion of the span and concentrated live load at the L8 joint. While the re- 
versal in the direction of the moment would still be of no significance in the 
design of the bars of segment YM10, in the sense that reversal from tensile 
to compressive stress affects the design of members of axially stressed 
conventional trusses, the error is regretted, nevertheless, especially since 
it is inconsistent with the subsequent statement in the paper that “steps 
represented by diagram (d) for partial loading and diagram (e) for concen- 
trated loads. . . . may have to be employed to establish critical design condi- 
tions.” 

In view of Mr. Berg’s doubts as to the validity of the claim in the paper 
that “both initial and reserve strengths (of polygonal trusses) virtually 
eliminate the possibility of structural failure under any conceivable condi- 
tions of loading” the statement is here substantiated by an examination of the 
stresses in the simple hypothetical truss dealt with in the paper, and would 
certainly be enhanced in actual all-rigid construction. Thus, the live load 
stresses in any of the members of the semi-rigid truss are not over one- 
third of the 18,000 psi allowable under AASHO Specifications. If loaded, at 
any point and any time to 33,000 psi., just under the yield point and theoreti- 
cal plastic hinge stress for ordinary steels, the additional uniform live load, 
still “safely” to be carried by the bridge, would amount to (33,000-18,000) 
divided by 6,000, or 2.5 times the design live load. Further, since maximum 
stress conditions are not concurrent in any group of adjoining members, re- 
distribution of stress, when yielding is reached in any member, would in- 
crease the group resistance to structural failure well above the indicated 
250% conceivable increase in loading. Further, Mr. Berg is right in observ- 
ing that “the top chord could be removed completely without impairing the 


3. Civ. and Structural Engr., Nashville Dist., Corps of Engrs., U.S. Dept. 
of the Army, Nashville, Tenn. (Retired) 
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stability of the structure if the web members were of sufficient strength 
and rigidity.” While such construction would not be considered for practical 
reasons, the observation is viewed as another and direct confirmation of the 
validity of the claim which he seems to doubt, since it affirms “the funda- 
mental concept of the rigid frame that distress in any of its members, (such 
as buckling in the said top chord) is instantly relieved by the other members.” 
The consideration by Mr. Berg of a plastic hinge at an M-joint is not 
germane to the case at hand for several reasons: 


1) As already indicated, its formation can occur only after the stress had 
passed the elastic limit of the material, that is, beyond the implied limita- 
tion of “conceivable conditions of loading.” 

2) The hypothetical hinged truss of the paper obviously has no stability, 
whether the added hinge at an M-joint is plastic, as indicated by him in his 
Fig. 11, or real. 

3) Formation of plastic hinges under critical loading implies a time ele- 
ment which, in general, is not present in truss structures subject to moving 
live loads. 

4) It is felt that, with due respect to modern analytical approach, there is 
as yet a dearth of knowledge as to the actual behavior of polygonal trusses 
under load within the range of elastic limits. 

5) While the plastic hinge is a convenient and useful concept in the analy- 
sis of structural behavior of rigid frames, its formation at an M-joint of a 
polygonal truss does not appear to be a realistic approach. It is believed 
that, under critical stress conditions, the formation of a collapse mechanism 
at an M-joint would be preceded by a tendency to form a series of plastic 
hinges all around the joint, and these, in turn, would likely be preceded by 
buckling failure of the compression flanges.4 Similar developments would 
be anticipated also at the chord joints of the truss, when restrained, since 
the stiffness of a truss joint is necessarily much greater than that of its 
entering members. And, finally, 

6) While it is confidently expected that the novel trusses would reveal 
exceptional reserve strength beyond the elastic limit of the material, the 
technique of plastic hinges has not been adequately extended to be applied 
with certainty to complex rigid frames, such as long polygonal trusses. 


Messrs. Berg and Scordelis dwelt at length on the writer’s omission of 
the deflections due to bending in the web system of the hypothetical truss of 
the paper. In compliance with Mr. Berg’s indicated desire, these deflections 
are now furnished in detail in Table 5. It can be observed that the 5.45 inch 
theoretical moment deflection is only 1.77 times the 3.08 inch deflection 
(Table 2 of the paper) induced in the same truss by the axial stresses alone, 
although it is several times as great as applied to the web system, as cor- 
rectly anticipated by Mr. Berg. 

It is significant, however, that on the same basis, the hypothetical shallow 
truss, Fig 5(c) in the basic paper, would be deflected only 4.4 inches by the 
bending stresses in its web members and 3.38 inches by the axial stresses. 
Thus, while its height at the center is reduced to 28 ft. versus 44 ft. for the 
high truss of Fig. 5(a), its total theoretical deflection is actually less, 


namely: 17.78 inches for the former vs. 8.53 inches for the latter. 


4. “Elastic-Plastic Design of Single-Span Beams and Frames,” H.A. Sawyer, 
Jr., M. ASCE, Sep. No. 851, p.2, Failure Source (c). 
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TABLE 5 


DEAD LOAD DEFLECTION AT L10 DUE TO MOMENTS 


: : L ¢ Deb. Moments: MeanI: IM : mlO : IM 
: Bar : inches: in-kips : ine : S31 sin-lbs : : 
: 1 $ 2 $ 3 5 $ 6 7 $ 


9,180 
M4L4 210 29,216 19,700 6,975 
M6L6 222 18,186 10,040 134.0 65.0 68,710 
228 9,846 6,500 115.2 66.8 7,690 
MIOL1O 240 3,053 2,800 87.3 1.9 165 
M10'L10* 240 3,053 2,800 87.3 63.6 5,550 
228 9,846 6,500 115.2 56.1 6,460 
M6"L6" 222 18,186 10,040 134.0 54.4 7,285 4 
: M4'L4" 210 29,216 19,700 103.9 56.1 5,830 
M2*L2* 210 49,959 31,925 109.6 70.0 7,665 
vlM2 216 29,946 19,700 109.5 50.3 5,510 
M2U3 261 20,013 12,700 137.0 33.5 4,585 
ie U3M4 261 16 ,690 10,570 137.4 38.4 5,275 % 
a M4U5 302 12,526 7,475 168.5 28.8 4,850 a 
: USM6 292 10,101 4,758 206.5 36.1 7,450 a 
M6U7 322 8,086 4,758 182.5 28.9 5,270 
U7MB 317 5,368 3,100 183.0 36.4 6,660 4 
MBU9 336 4,477 2,500 200.5 30.4 6,090 = 
U9MLO 325.5 1,600 1,300 133.5 1.0 134 “| 
" MLOULL 332.4 1,453 1,300 123.8 0.9 111 
332.4 1,453 1,300 123.8 30.3 3,750 
325.65 1,600 1,300 133.5 33.3 4,450 
ve'Ms' 336 4,477 2,500 200.5 25.5 5,110 * 
Me'u7* 317 5,368 3,100 183.0 30.6 5,600 = 
U7"M6' 322 8,086 4,758 182.5 24.2 4,420 
M6'US* 292 10,101 4,758 206.5 30.2 6,230 
US'M4' 302 12,526 7,475 168.5 24.1 4,060 
M4'U3" 261 16 ,690 10,570 137.4 32.0 4,400 
: US'M2" 261 20,013 12,700 137.0 28.0 3,835 ie 
216 109.5 42.0 4,600 


Total - - - - - 157,900 


157,900 x 1,000 = 5.45 in. 


At L10, deflection D = 
29 , 000 , 600 


Notes: 1. For deflection at L100 due to axial stresses see Table 2. 


2. The bending stresses ml0O due to unit load at L10 are 
obtained in the same manner as actual bending stresses 
in the truss members. 
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In passing, it seems worth noting that, in an actual pentagonal truss hav- 
ing restrained joints throughout, the values of L, A, I, M and m10 would be 
materially different from those given in Tables 2 and 5 and would have rela- 
tively large influence in reducing the magnitude of the deflections due to 
bending. An estimate of the resulting deflections of an all-rigid truss indi- 
cates that the corresponding theoretical values by elastic analysis would be 
approximately: dj,109 = 2.4 in., dy10 = 2.5 in. and total Dy 349 = 4.9 in. 


Evidently truss deflections, per se, would actually be of small concern and 
can be readily provided for in fabrication, similarly to the camber provi- 
sions for girders and conventional trusses. 

In his Figs. 1, 2 and 3 and Tables 1 and 2 Prof. Scordelis investigated a 
polygonal and an equivalent Warren type truss for the purpose of comparing 
their relative deflections and stress distributions, using for the polygonal 
truss both “exact and approximate methods of analysis. In the belief that 
“they would not change the conclusions,” he assigned identical A and I 
values to each and every member of the two trusses. Unfortunately, the 
arbitrary figures actually result in disproportionate and misleading values 
with respect to the relative magnitudes of the deflections and in addition, 
reveal unorthodox distribution of the stresses. First, the stated magnitudes 
are overrated for the pentagonal truss and underrated for the Warren truss. 
This can be readily established by inspection of the pertinent data in his 
tables in which, under comparable stresses, the axial deflections alone are 
considerably larger for the polygonal than the Warren truss in spite of the 
appreciably shorter web system of the former. 

In order to obtain more representative values for this comparison, there 
is compiled Table 6 which is, in fact, a recapitulation of his Tables 1 and 2, 
but having A and I values for the web members that are reasonably com- 
patible with the types of stresses for the trusses under consideration. It 
can be observed from this table that the increase in the theoretical deflec- 
tion of the polygonal truss over that of the Warren type is only about 14%, 
instead of the more than 100% increase indicated in his Tables 1 and 2. For 
the short, stiff trusses of comparison, the nominal 14% increase is evidently 
in line with their actual deformations. Since the total moment in the frames 
is a constant under the given loading condition, it seems more than a coinci- 
dence that the magnitudes of the deflections in the polygonal truss examples 
of Prof. Scordelis are essentially identical, (Tables 1 and 2) even though 
there is a marked difference in the stress patterns of its members (Figs 1 
and 3) as obtained by him by the “exact” and approximate analyses. 

In winding up the discussion of relative deflections it seems appropriate 
to invite attention to Mr. Morris Ojalvo’s recent paper® in which are given 
the deflections of two identically loaded comparable trusses, 60 ft. span by 
15 ft. center height, one a Vierendeel type and the other the writer’s rigid 
pentagonal type. For the Vierendeel he determined the center deflection to 
be 1.48 in., 95% of which is due to bending, while for the pentagonal truss it 
is only 0.60 in., 85% due to bending. These figures are theoretical values 
and do not include deflections due to shear, which are relatively substantial 
in Vierendeel frames since normal truss shears are carried by them in 
flexure across the chord systems. Shear deflections are negligible in poly- 


5. “Internal Ties in Slope Deflection and Moment Distribution,” ASCE No. 
1096, Tables 4 and 8. 
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DEFLECTION OF POINT B IN POLYGONAL TRUSS, FIG. 3, fai 
AND WARREN TRUSS, FIG. 2 a 

: : : : : Polygonal Truss : Warren Truss : 
$ $ Fig. 3 $ Pig. 2 
:  ¢ L and u: uSb: Mand m: (mas:S and u: usL : 
:Bar :inches:in*?:in4: kips : A: in-kips:J I : kips: A: 


cD % 1 40 .166 27 0 0 01660247 a 
AE 107 1 40 =.746 60.0 -.746 60.0 
EF 96 40 =.916 80.6 0 0 =.666 42.7 
FG 96 1 40 -.333 10.7 -.333 10.7 
G@ 107 40 =.373 15.0 0 0 -.373 15.0 
BH 48 3 160 1.000 16.0 8.0 6.4 - - . 
FH 68 2 80 .530 4.0 4.5 
cI 48 3 160 0 0 16.0 25.6 - - + 
FI 68 2 680 =.354 4.3 8.0 18.1 
GI 68 2 680 .354 4.3 8.0 18.1 - - a 
FB 107 0.5 25 - - - - 30.0 
Totals - 264.5 - 77.02 - 300.8 
Polygonal (264.5 + 77.2)/E = 341.7/E 
Warren 300.8/E 4 
Increase Dp/Dy= (341.7 - 300.8) /300.6 = 13.6% ‘A 
= 
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gonal trusses, in which the vertical shears are carried axially by the 
diagonals of the web system. 

As to stress distribution, both Mr. Lane and Prof. Scordelis rightly call 
attention to the need of considering also the secondary stresses developed in 
the bars of the truss as a result of the deformations and joint rotations. Mr. 
Lane’s concern that “the top chord shortening will induce unduly heavy 
secondary stresses in the upper arms of the wyes. . . and that increasing 
their section modulus would accentuate a vicious cycle (underscoring sup- 
plied) by means of which a part of top chord compression would be carried 
in uneconomical manner through the upper arms” seems to imply the in- 
ability of the frame to readjust itself to its internal stresses. This approach 
is untenable, as already indicated in the basic paper, (Truss Characteristics, 
item 2), since it is axiomatic that any Y-segment, properly designed to resist 
the primary stresses due to applied loads, will perform its function in such a 
manner that the total strain energy in the frame is a minimum. Contrary- 
wise, it would imply that the strain energy, due to the secondary stresses in 
the frame is greater than that due to the external loads causing the deforma- 
tions. 

Examinations of stress distribution in polygonal trusses, particularly such 
as shown for the Y-segment EFHB of Prof. Scordelis’ Fig. 1, reveal maldis- 
tribution due to such adjustment and/or the difficulties of “exact” analyses 
based on compatibility of deformations. Thus, since both arms of the Y are 
in tension under the given loading and their K = I/L values are identical, it 
is inadmissible, on the basis of the theory of moment distribution at a joint, 
that one arm carry 5 times as large a portion of the total moment as the ad- 
jacent arm, namely: 6.67 in-kips in member HE versus only 1.33 in-kips in 
member HF. Only a small portion of the difference in these moments is 
chargeable to direct stresses which are of the same sense and constitute but 
a minor fraction of the total stress in members of the web system. Since the 
two conditions, moment distribution and compatibility of deformations at a 
joint, are fundamental to structural analysis, the imbalance in Prof. Scordelis’ 
examples seems to point to a different analytical approach for polygonal web 
trusses, whose M-joints are unique, if the resulting data are to conform with 
the accepted concepts. Unquestionably, the actual effects of the deformations 
on the stress pattern present a difficult analytical problem for which the 
writer has no answer. However, a possible clue may be found in the state- 
ment of Mr. Lynn S. Beedle:6 “It has been often demonstrated that elastic 
stress analysis cannot predict the real stress distribution in a building frame 
with anything like the degree of accuracy that is assumed in the design. The 
work done in England by Professor Baker? and his associates as a forerunner 
to their ultimate strength studies clearly indicates this in his paper ‘Short- 
comings of Structural Analysis’.” 

An increase in allowable stresses due to bending at rigid joints, as is done 
in bridge and building codes, obviously is not an answer to the problem at 
hand. Since stress distribution and deformation values of analyses by the 
elastic theory are known to be too severe as compared to those observed in 
test and actual structures, it is held that, pending the development of realistic 
analytical procedures for complex rigid frames, greater reliance will have to 
be placed on test data obtained from model! studies of the polygonal structures. 


6. “Plastic Strength of Steel Frames” Separate No. 764, p.2. 
7. J.F. Baker, Trans. N.E. Coast Inst. Eng. Ship., Vol. 68 p. 31, 1951. 
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Of course, it is presumed such data, too, would be interpreted in the light of 
engineering experience, design assumptions, imperfections of materials and 
workmanship and other contingencies of fabrication, assembly and erection. 

Mr. Lane’s extensive observations are extremely interesting, encouraging 
and thought provoking. Some of them are well beyond the scope of the intro- 
ductory paper, particularly those pertaining to Figs. 1(b), 2(b), 3(a) and (b) 
and 4, since they were introduced merely to illustrate a few simple embodi- 
ments of the novel type trusses; others, notably his suggestions and projec- 
tions of hexagonal web trusses for double deck bridges, are indeed unique 
and are gratefully being added to the writer’s own diversified conceptions for 
their applications; still others, as his thoughts about field applications for 
portable bridges by the military forces, have been receiving detailed study 
by the writer and are well taken. The following, as all these comments, are 
confined only to remarks pertaining to the pentagonal type trusses dealt with 
in the paper. 

With respect to Mr. Lane’s varied observations regarding the special 
treatment of the end panels, shown in Fig. 6 of the paper, it may be helpful 
to suggest that this is an optional arrangement, somewhat analogous to the 
midspan panels of Pratt type trusses in which it is economically advanta- 
geous to provide them with X-bracing in place of stiff single diagonals. How- 
ever, in polygonal trusses there is the added significant advantage of virtual 
assurance against collapse of the structure from critical damage to the end 
posts by wayward vehicles. 

Mr. Lane’s several references, direct and indirect, to the economic as- 
pects of the polygonal trusses are interesting. However, most of them are 
not concurred in, largely because the conjectures appear premature for the 
state of knowledge regarding the behavior of these trusses under load and 
their latent reserve strength and seem to ignore some salient facts. Thus: 


1) It is true that the numbers of members and joints in polygonal trusses 
are larger than those of the main members and joints of ordinary span con- 
ventional trusses. However, these are all the members and joints required 
since polygonal trusses do not need secondary members that “stay” the 
main members of longer spans and subdivided panel Baltimore, Pettit and 
Warren type trusses in which these extra members were evidently omitted 
from Mr. Lane’s summations of joints and bars. 

2) The aggregate length of the members of the polygonal web systems is 
materially less. Thus the lengths of the web members of the high and shal- 
low pentagonal trusses of the paper are only 80% and 60%, respectively, of 
the length of the web system in the prototype conventional truss. 

3) The 90° hanger joints to the bottom chords are materially simpler in 


fabrication and erection than the web-to-chord joints of conventional trusses. 


4) Vierendeel trusses are not noted for their economy or simplicity of 
fabrication in spite of fewer members, yet their use is steadily growing. 

5) Since Y-frames of polygonal web trusses can be assembled from con- 
tinuous bent elements, their M-joints should be exceptionally economical. 
Thus, the shop joint M4 of Fig. 8, already relatively simply, when formed 
by continuous sections, would involve no excessive use of material, labor or 
number of parts that would render its cost prohibitive or even critical. 

6) It is true that flexural members are heavier and more costly than 
axially stressed types. However, rigid frames have been displacing axially 
stressed frames, including trusses, in bridge and building construction, in 
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spite of their higher cost. Evidently, this must be attributed to their proven 
superiority structurally and esthetically. Further, rigidity of modern riveted 
bridge trusses is also accomplished at considerable expense over that of the 
prototype pin-connected trusses of but a generation or two ago. 

7) The excessive weights of the pentagonal trusses given in Table 4 of the 
paper should not be viewed as a guide for actual designs for the following 
reasons: 


a) In the hypothetical semi-rigid truss of the paper the moments in- 
duced by the horizontal shears are carried by the web members alone. When 
a portion of these moments, estimated to be about a third at each Y, is trans- 
ferred to the chords in rigid trusses, the substantial weight of the web system 
would be reduced accordingly, without a correspondingly large increase in the 
weights of the chords, especially when the effects of gussets at the joints 
would likely be considered in the all-rigid structures. Fig. 13 and the section 
on Model Studies following these comments clearly indicate this to be the 
case. And, 

b) Considerably larger unit stresses would undoubtedly be employed in 
rigid designs than the 18,000 psi allowable under AASHO Specifications and 
used in the paper truss. 

8) When trusses are preassembled at the site and hoisted in toto into final 
position, the erection procedure for polygonal trusses would obviously be the 
same as for conventional types. In cantilever construction, when the bar-by- 
bar erection procedure is employed, it is questioned whether “the two mem- 
bers forming the triangular web frames of Warren, Pratt or Howe Trusses” 
are sufficiently self-supporting as an assembly, without the aid of temporary 
bracing, as would be the case with preassembled rigid Y-segments of poly- 
gonal trusses. It is also doubtful if the same two-member groups “would 
have a definite edge in time, labor and amount of scaffolding” since capacity 
of lifting equipment would not be a limiting factor and the auxiliary stiffening 
arrangements, usually required in conventional truss erection on account of 
stress reversais in their members, would not be needed in the case of poly- 
gonal trusses. 

9) Since the strength of the materials is seldom developed in the usual 
compression members, the effectual elimination, in polygonal web trusses, 
of the problem of columns and their concomitant limitations in the design of 
conventional trusses,8,9 permits a flexibility of panel spacing, truss heights 
and spans that may result in more economical rigid frame structures than 
indicated in the introductory paper. And, 

10) As to Mr. Lane’s general doubts whether “the writer’s trusses could 
ever be competitive with long span tied arches or trusses requiring subdivided 
panels,” it may be helpful to remember the historical fact that the ingenuity 
and skill of structural engineers have always asserted themselves heretofore 
in adapting novel ideas and are certain to reassert themselves in developing 
analytically and structurally sound and economically competitive polygonal 
trusses when their true merits are established, as confidently anticipated, 


8. “Buckling of Trusses and Rigid Frames” by G. Winter, P.T. Hsu, B. Koo 
and M.H. Loh, Bulletin No. 36, Engineering Experiment Station, Cornell 
University, Ithaca, N.Y. 

9. “A Survey of Progress 1944-1951” by Bruce G. Johnston, Bulletin No. 1, 

January, 1952, Column Research Council of Engineering Foundation. 
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by test data of large scale models, as also suggested by Mr. Lane. 

In view of several allegations by the discussers which indicate undesirable 
misconceptions with respect to the true character of the trusses and design 
procedures, it is deemed proper to add here a few pertinent general clarifi- 
cations to the purely technical aspects of the paper and the discussions: 

1) In conventional frames, designations such as K-type, Warren or 
Vierendeel truss convey finite ideas as to their geometric configurations and 
corollary stress patterns. It is thought that the generic term “polygonal 
truss,” or “polygonal web truss,” as introduced in the paper, is completely 
descriptive in that, at the outset, it is shown to imply, basically, a serial 
combination of triangular frames with five- or six-sided polygons resulting 
in an intrinsically rigid truss structure by virtue of primary fixed joints mid- 
height between its chords. 

Accordingly, it is felt that labeling the new trusses in terms of semi- 
existing types tends to obscure, rather than contribute to, either the con- 
cept of their geometric formations or functional characteristics. It is 
conceivable that one may transform a Warren or Vierendeel type into a 
semblance of simple pentagonal truss by imaging their alternate chord 
joints moved up or down to a midheight position without, however, supplying 
any particular structural conception. It would be embarassing indeed to try 
to extend such a procedure to obtain the trusses of Figs. 2, 2? and 4 which 
picture, respectively, hexagonal, subdivided panel and double stem pentagon- 
al trusses, or to any other derivations from the basic polygonal web types, 
let alone trusses with bent frames. From the engineer’s standpoint it would 
seem simpler and more useful to think of the new structures as a distinct 
type of trusses, just as the familiar types of triangular web conventional and 
quadrangular frame Vierendeel trusses, each type having its characteristics, 
its merits and its applications. 

2) Another source of confusion seems to arise from the indiscriminate 
use of the terms “stiff” and “rigid.” Thus, to Mr. Berg the “claims con- 
cerning rigidity (evidently implying stiffness) seemed premature” and Prof. 
Scordelis “felt that the author leaves an erroneous impression that the poly- 
gonal truss is stiffer than a conventional truss. ...” These misconceptions 
are deeply regretted since the writer meticulously avoided the employment 
of the term “stiffness” with respect to his trusses anywhere in the paper. In 
view of such misinterpretations it is hoped that the following venture into 
engineering semantics may prove beneficial. 

We have stiff beams, girders and columns, if their I values are large rela- 
tive to their lengths, and stiff trusses if their heights are large relative to 
their spans, even though they are pin-jointed. Conventional trusses are often 
spoken of as ‘rigid” if their joints are riveted or welded. This nomenclature 
is not applicable nowadays since, basically, they are axially stressed struc- 
tures and unlike the modern true rigid frames and the Vierendeel trusses 
whose stresses are predominantly flexural. It should be clear that only the 
latter types are rigid frames even when they are too flexible to be labeled 
stiff frames, since their stability is dependent entirely on the rigidity of 
their members and joints, in full conformity with the concept of rigid frames. 

Accordingly, it is maintained that the claims to rigidity of the polygonal 
trusses are as indicated throughout the paper. 

3) Lastly, Mr. Lane directly, and Prof. Scordelis by implication, refer to 
the “author’s method of designing the wyes as pin-ended and detailing simple 

connections. ...” In spite of repeated statements in the paper and indication 
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in its heading that the semi-rigid hinged-chord arrangement was a hypotheti- 
cal frame chosen for its simplicity in introducing and developing fundamen- 
tals of the novel type trusses and, by inference, to avoid involvement in the 
intricacies and controversies that would accompany the treatment of a com- 
plex all-rigid polygonal truss and defeat the primary object of the paper. For 
this reason it is emphasized here again that the analytical procedure of the 
paper for an idealized hinged truss is not proposed by the writer as a design 
procedure for actual rigid polygonal trusses. Instead, in view of the limita- 
tions of elastic analysis, it is advocated that reliable values of stress dis- 
tribution and deflections in the untried structures be established first from 
adequate experimental data and then utilized to develop acceptable analytical 
procedures. Results of limited tests to data are given in the next section. 


Model Studies 


Since it may be of general interest and may help allay implied concern of 
the discussers regarding the behavior of the novel trusses, it seems relevant 
to refer now very briefly to exploratory studies that were carried out in 1954 
on two models, as theses assignments, by two students at Massachusetts 
Institute of Technology under the general supervision of Dr. C. H. Norris, 
head of the Structural Laboratories. 

The first, a celluloid model of a 5-panel all-rigid pentagonal truss, 9 in. 
high by 36 in. long, was tested by the Beggs deformation method for the 
general determination of stress patterns in the truss under different panel 
loadings. The results of the tests were reported by Mr. D. P. Sullivan in 
his unpublished thesis!0 for the degree of B.S. 

The second model, an all-rigid welded structural steel frame, 52.5 in. high 
by 86.64 in. long, comprising a single Y-segment and designed for determin- 
ing the stress distribution in its members and the ultimate capacity of its M- 
joint, was tested by means of a Riehle loading mechanism and Baldwin SR-4 
type strain gages. The results of these tests and pertinent discussions of both 
model studies are contained in the unpublished thesis!1 for M.S. degree by 
Mr. C. K. Myers. 

The Beggs method, used on the celluloid model, involved cutting a dozen 
members at midlength, applying distortions and, through micrometer micro- 
scope readings and calibration constants, obtaining the axial, shearing and 
bending stresses at the cut sections. Then, using the method of moment 
distribution, the stresses in all the truss members were obtained by an 
exact analytical procedure and the results compared with the applicable 
stresses obtained by measurements on the model. For his conclusions it 
should suffice to quote here from Mr. Myers’ thesis: 

“It can be seen that the values for thrust (axial stress) in the members 
agree quite well for the two solutions, whereas shear and moment seem to 
be violently in error. These differences can best be explained by the fact 
that the values for moment and shear were quite small and did not give good 
readings by the Beggs method. It was unfortunate that the moment had to be 


10. “Celluloid Model Analysis of a Polygonal Truss,” Massachusetts Institute 
of Technology, 1954. 

11. “Analysis of a Polygonal Truss,” Massachusetts Institute of Technology, 
1954. 
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measured at the center of the members near the point of inflection where the 
moment was small. This was necessary, however, in order to fit the Beggs 

gage to the model. With this in mind it is safe to say that the best compari- 

son is between values of thrust, and the close agreement of these values may 
be said to verify the exact solution.” 

Fig. 12 shows the physical features of the large scale model and the loca- 
tions and numbers of the SR-4 strain gages. Fig. 13 is a compilation of the 
computed and experimental stress data and shows graphically the loading 
arrangement and the scalar relation of computed and test moments, of which 
the test moments are extrapolated along a straight line from the gage sta- 
tions to the joint intersections. Fig. 14 is a photograph of the model frame 
and a detailed view of most of the SR-4 gages in the test position. 

The model was designed to begin to yield at a load of 110 kips at the M- 
joint. To obtain moment in the single segment frame it was loaded ec- 
centrically through two rollers bearing on the top panel points, as indicated 
in Fig. 13. The gages were placed so as to obtain a complete determination 
of all moments, shears and axial forces in the frame and located to be one or 
one and one-half times the depth of the member away from gusset plates or 
other inconsistencies. The testing procedure involved a series of loadings 
within the elastic range and another beyond the proportional limit. In the 
former series the test loads were brought by increments up to 100 kips. 
Three sets of test data in this range, plotted as strain versus load, show a 
rather consistent behavior of the frame under load and indicate that the first 
yield was probably at about 120 kips. 

In the first attempt to reach the ultimate load, the loading beam failed in 
web crippling under a load of 180 kips, the error in choosing the beam being 
attributed to a poor approximation of the ultimate load of the frame. Upon 
replacement with a much heavier loading beam, the test was completed when, 
at 243 kips, the end post U3L4 reached yield point and began to buckle just be- 
low joint U3, which had been permanently strained by the eccentricity of the 
previous loading. An initial contributory cause of eccentric loading at the 
four support joints, LO, U1, U3, and L4, was lack of true parallelism between 
the top plane of the top chord and the bottom plane of the bottom chord, which 
could not be easily remedied in the test set-up. While the frame was care- 
fully fabricated, errors were found in the lengths and depths of the members 
and others irregularities in dimensions. Among the other errors, thought as 
having appreciable effects on the test results, there were the eccentricities 
developed in the joints; distributed loads at bearing plates where point loads 
were assumed; effects of joints near the gages; friction of the rollers caus- 
ing horizontal forces at the reactions; and, of course, errors inherent in the 
experimental methods, which amounted as high as 10%. 

The frame was also subjected to an exact analytical treatment taking into 
consideration the taper of its web members. A comparison of the experi- 
mental and analytical stresses shows the differences to be rather large: 
thrust varies by an average of 17.5%, shear by an average of 35.1%, and 
moment by an average of 40.4% (Fig. 13). 

An analysis of the plots of the test readings indicates that members began 
to yield at the joint, at which point more of the load had to be taken by the 
gage section which gave the indication. Further, the entire structure began 
to yield at one load due to the large degree of interaction of the members and 
the small size of the frame. It must be noted that the first yield did not cause 
the structure to fail. A plastic hinge was formed and the reserve strength of 
the structure in bending carried the load. The load might then have been in- 
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creased until a second plastic hinge was formed, and so on until the structure 
deformed intolerably or the stability requirements were no longer satisfied. 
In this case, however, the second hinge did not form because of the failure of 
the end post. 

It is to be noted that the above recitation with respect to the description of 
the models, test and analytical results and conclusions is essentially a series 
of verbatim statements—without comments by the writer—taken from Mr. 
Myers’ thesis and, for brevity, condensed and assembled in this presentation. 

In commenting now on the model studies, the writer wishes to call atten- 
tion to a few significant aspects of the test data which, in his opinion, are 
relevant to the discussion and closing remarks as to stress distribution in 
the members of polygonal trusses. Thus: 


1) The moments in the identical Y arms at the M2 joint are reasonably 
in balance, since a large part of the difference may be ascribed to the 
opposite sense of their axial stresses. 

2) The relatively large moments at the outer ends of the Y members are 
evidently a result of the highly stiff chord members and gusset joints. 

3) The substantial compressive stress in bar M2L2, although zero 

theoretically, is evidently due to the unorthodox loading of the frame. 

And, 

Joint M2 had yet to fail, as it should have in buckling, at a load 120% 

above that computed for the elastic limit of the material. 


4 


CONCLUSION 


Mr. Lane might as well have included in his opening sentence that “the 
new and untried” must also go through the process of weeding out the “bugs, 
hidden and apparent. In a broader participation the writer would have been 
elated by the lack of serious challenge to the premises underlying the novel 
trusses or their distinguishing characteristics listed in the paper, which, so 
far, necessarily are based on rudimentary engineering conceptions and 
intuition alone. It is hoped that the actual stress patterns, deformations and 
general behavior of the polygonal trusses will ultimately be established on a 
solid foundation of extensive experimental data. 

In closing, the writer would like to state that the paper would have been 
quite incomplete without a grateful acknowledgement to Mr. Albert E. Dykes12 
for his unstinted help and constructive criticism in the editing of the basic 
paper and the closure comments. 


12. Chief, Planning and Report Branch, Nashville District, Corps of 
Engineers, Nashville, Tennessee. 
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Discussion of 
“INFLUENCE LINES FOR REACTIONS OF CONTINUOUS TRUSSES” 


by Andrew John Pyka 
(Proc. Paper 914) 


ANDREW JOHN PYKA, 13 M. ASCE. — The author wishes to thank Profes- 
sor A. C. Scordelis for a presentation verifying the validity of the procedure 
as presented by the author in his paper. However, he wants to take exception 
to some of the comments and to clarify the misunderstanding as indicated in 
the Professor’s discussion. 

In the first place, it was not deemed necessary to provide any proof of the 
procedure in that, basically, the presentation is a mere tabulation form for 
the components of the fundamental deflection equations derived from the 


theory of virtual work, i.e., 1 XO=5 a the external virtual work done 


by an external one pound force acting on the structure equated to the internal 
virtual work performed by all the truss members. This is elementary. 

For instance, take the example of the 5 panel Warren type truss (see Fig. 
No. A) similar to the one given by Professor Scordelis in his discussion. The 


deflection at any point “C” is equal to the ru of all the members to the 
left of line 1-1 plus the a of all the members to the right of line 2-2 


where P represents the stress in the respective truss members due to the 
external load and U and U' represent the virtual stresses in the members to 
the left of 1-1 to the right of 2-2 respectively. In other words 


Scs« a +f WE (1) where the effect of any one member is not repeated. 


Since the reactions at A and F (Fig. A) are taken as unity in the analogous 
cantilevered trusses, figures “B” and “C”, the following alterations to 
equation (1) must obviously be made: 


T-N (PUL N PUL 

T-N ) {PUL N PU'L 


Where T equals the total number of panels and N equals panel point location 
counting from left to right, i.e., N is equal to one at point B, two at point C, 

etc. 
It should be noted that equation (2) above is the same as the ( 7) 3) 


values of Column 14 of the table as shown on page 914-4 of the Proceedings. 


13. Consultant, Technical Staff, Consolidated Western Steel Div., U.S. Steel 
Corp., Maywood, Calif. 
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Fig. "B" 

Fig. "Cc" 


The author disagrees with Professor Scordelis in regard to the necessity 
for making certain corrections to the virtual stresses; namely, in member 
JC of the Warren truss shown in Figure A when calculating the vertical dis- 
placement at “C”. The impression may be that the analogous cantilevered 
truss method applies only to those trusses which have vertical members in 
their makeup. This is erroneous. The method applies to all trusses without 
exception. 

Table 1 below has been set up for Professor Scordelis’ truss (Figure A) 
with the following assumed conditions for convenience: 


F = Fe = F3 = 1,000 lbs. 


All members are 100 in. in length. 
All areas have 10 square inches. 
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4 Column No. 14 gives the relative vertical deflections for the ordinates of the 
; deflection curve due to the external loading. It should be noted that no cor- 
7 rection is necessary. As a matter of fact, a correction is rarely required : 
and then only for those members in the truss which are directly affected by PH 
localized loading and which also have “P” stresses which are not 0. Figure | 
D is presented in hopes that it may clarify this particular phase of the opera- ae 
tion. The members of truss No. 1 of Figure D may be listed in a systematic 7 
manner as indicated in the author’s original paper and the deflections auto- eis 
matically obtained by going through the arithmetical computations. Correc- 
tions should then be made for all the verticals at the load line since they will 
be affected by the unit load as it moves from panel point to panel point. For 
example, members cd, ef, etc. will change an amount equal to plus-unity 
+ from the respective U and U* quantities. Therefore, the correction at panel 
points b, d, f, g, f', d', b' along the bottom chord should be P X (+1) 
a x z which is algebraically added to the respective values in Column No. 14 
(see Figure 4 page 914-4 in the Proceedings). oO 
It is interesting to note that had the Mississippi River bridge at Dubuque, sf 
Iowa been made up at joints L9 and L'9 as shown in Figure D (2), no correc- be 
tion would have been. required. Wee 
es Figure D (3) indicates a sub-panel truss where no correction would be re- 
quired for the loading “P”. However, with a load “P;” (the P load removed) 


a correction of P,; x “Change in Stress” x 5 is required for members ab, ac, 


s be, and de and should be algebraically added to the summation values at joint - 
4 “a” in Column 14. This correction quantity is very small in most cases and _ 
may be neglected unless a precise solution is desired. - 
It is recognized that the definition of “T”, page 914-4 of the Proceedings, iis 
4 should be amended to read as follows: ‘: 
e 4 “T = number of panels (in Figure No. 1 there are 14 panels).” 
The author was pleased to know that someone has made a comparison be- a 
4 tween the analogous cantilevered truss method and the elastic weights 
‘ 7 method. The elastic weights method (more accurately described as the angle 
weights method) is in some cases, particularly in parallel chord continuous 
trusses, a simple tool for determining deflections of all panel points on a es 
“ql truss. It was gratifying to note that Mr. Robert R. Dickey had found the ; 
analogous cantilevered truss method comparable to the angle weights -) 
method, even though he was more familiar with the latter. This certainly eS 
would indicate that designers not versed or familiar with either method 
4 would find the author’s method simpler and more automatic. The analogous an 
3 cantilevered truss method lends itself to automation whereas other methods a 
do not. Once a table has been set up (similar to the one on page 914-4 of the 
Proceedings) and Columns 1, 2, 4 and 6 determined, any non-technical em- 
ployee can complete the work and thus relieve design personnel to do other 
design tasks. On the other hand, in the case of the angle weights method, 
the analysis will require supervisory attention more so than in the case of 
the author’s method. 

The author contends that computational errors are more easily detected 
and corrected in the case of the analogous cantilevered truss method. A 
tabulation setup as that given for the method lends itself to a scrutiny in 
which sudden variations in the normal differences of numbers can be detected 
and corrections made accordingly. The author is very familiar with the 
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angle weights method and has found that the analogous cantilevered truss 
method is more adaptable in setting a design procedure routine for the 
drafting room. 

The author does not quite understand Mr. Dickey’s suggestion regarding 
changing the nomenclature and pattern for the tabulations. In the first 
place, the definition of a “P” stress as given on page 914-4 of the Proceed- 
ings is correct as it stands. The stresses for members to the left of Ro 
are still determined by the formula. ar U and not a U as Mr. 
Dickey indicated. Furthermore, Mr. Dickey suggested the following changes 
to the author’s columns No. 11, 12, 13, and 14: 


11 12 13 14 
1.0 


A 

Column No. 11 as given above is obviously incorrect for >> 4 L 
Changes as indicated in 12, 13 and 14 are inconsequential. These are rela- 
tively the same as the author’s and do give the same results. In a compara- 
ble situation in the product equation A x B = Bx A, it is obvious that the left 
side of the equation offers no more clarification than does the right side. The 
author recommends that the columns 11, 12, 13 and 14 remain as originally 
given. However, it should be understood that “T” = the number of panels in 
the bridge structure and not the number of intermediate panel points. 

It is recommended that Mr. Dickey read the discussion on the subject as 
presented by Professor Scordelis on page 1007-11 in the discussions of the 
Proceedings. The theoretical basis for the headings for columns 12, 13, and 
14 in Figure 4 is an obvious arithmetical conclusion and has been clarified 
and verified by Professor Scordelis in his discussion. 

The author is pleased to learn that Mr. A. A. Eremin, Bridge Engineer of 
the California Division of State Highways, has found the analogous cantilevered 
truss method to be a simplified procedure for computing deflections and influ- 
ence lines for the reactions of statically indeterminate trusses. 

It is recognized and true that there may be other methods which are 
adaptable for use in calculating the influence lines for reactions of continuous 
trusses without going through the tedious procedure of solving simultaneous 
equations as the designers of the Dubuque Bridge have done. The author is 
not familiar with Professor Krivoshein’s work, but it certainly would be a 
great contribution to the profession if Mr. Eremin would work out the influ- 
ence line ordinates for the reactions of the Mississippi River Bridge at 
Dubuque by use of Professor Krivoshein’s method. In any event, it would 
give a good comparison of at least three different approaches to the same 
problem. 

It is of the utmost interest and certainly appropriate that Mr. Jacob Karol 
was able to comment on the author’s method for determining influence lines 
for reactions of statically indeterminate trusses, particularly so since Mr. 
Karol calculated the influence line ordinates for the reactions of the 
Mississippi River Bridge. 

It is true that a change in the section of a single chord or diagonal member 
subsequent to the original analysis will change the deflections of every panel 
point determined by any method of analysis. It is also true that these deflec- 
tion changes depend in some direct proportion upon the amount of change in 
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the area of the member, considering the geometry to be fixed. It is believed 
that Mr. Karol has missed the point here. The analogous cantilevered truss 
method as presented depicts a mathematical tally of the computations and re- 
sults thereof on one large sheet. The effect of changes on area or lengths of 
members can be readily noticed or results predicted and corrections made 
accordingly with a minimum amount of waste of previous work. It is, in ef- 
fect, a simplified tabulation of procedure and results. 

In the case of Mr. Karol’s method, the general equations used are as 
follows: 


R, {va + + +fa = 
R, £ua + Hiub + = 0 


Ri g va + + va 


= 


Where fva, and Ja, fa ) B are variables 

which will be effected by a change in area or length of a member. 

Calculations for the “B” portions within themselves involve tabulations at 
least of the same amount as the author’s complete tables on pages 914-8, 
914-9, 914-10. 

After determining the values for “B”, a substitution in “A” will result in 
equations similar to those used by Mr. Karol in his fii m’s presentation on 
page 1283 of Paper No. 2387 of the transactions; namely: 


0.00025 38867R, - 0.000106734 H + 0.000143508 R, = 0 
~0.000106734 + 0.0000730703 H - 0.000106734 R, +{b = 0 (c) 
) 


0.000143506 R, - 0.000106734 H + 0.0002538867 +fd = 0 


These equations (C) are ridiculous in the sense that the average experienced 
bridge designer would not take time out to solve them. Certainly those who 
continually have occasion to work on indeterminate truss structures would be 
inclined to deviate from this cumbersome algebraic manipulation. The 
author’s own mathematical background indicates to him the numerous 
pitfalls in solving such equations having coefficients of 9 digits in back of the 
decimal. Mr. Karol’s comment regarding his procedure that “the detailed 
calculations cover two pages of the final design” is certainly an understate- 
ment. It is more likely that the results of these calculations will cover two 
pages. 

The author, in his own calculations all through his tabulation, had noticed 
a little variation of the ordinates between points 13 and 13’ when compared 
with Mr. Karol’s influence line ordinates between these same points. Since 
the author happened to have the final influence line ordinates for the reactions 
of the Mississippi River Bridge, he has taken particular notice and made 
special independent checks on various points between joints 13 and 13'. The 
results were the same as shown by the analogous cantilevered truss method. 
Therefore, it is his conclusion that either Mr. Karol’s results were slightly 
in error, and this can be reasonably so since solutions for algebraic equa- 
tions as given in “C” above would lend themselves to an indeterminate 
amount of error, or areas of members as given by the author were not those 
used by Mr. Karol in his final analysis. 
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It is known and certainly understandable that a preliminary design and 
analysis is required prior to final design. This is basic and it was not the 
intention of the author to intimate that the analogous cantilevered truss 
method is the most convenient approach for determining preliminary or ap- 
proximate solutions. It is a rapid solution for an exact analysis. There are 
numerous ways of determining preliminary areas for truss members of 
continuous trusses and this was thought to be superfluous and not pertinent 
to the problem. Mr. Karol has gone to a great deal of trouble to explain 
preliminary approaches which, in this case, are irrelevant to the immediate 
subject. Preliminary influence line ordinates for a three-span continuous 
truss structure, using a constant I, can be obtained directly from such books 
as “Movable and Long Span Steel Bridges” by Hool and Kinne without doing 
any of the calculations as shown by Mr. Karol in Table D-1. 

For a symmetrical five-span structure only one additional “P” stress 
analysis is required. The following additional columns should be added to 
the table on page 914-4 of the Proceedings: 


A A (T-N) 


Columns 15 through 22 are similar to columns 8, 10, 11, 12, 13, and 14 of the 
author’s tabulation Table No. 4. “P” values in column 6 of the table on 
Figure 4 page 914-4 of the Proceedings are stresses due to a unit load at R2, 
and P, in the above are the stresses in the truss due to a unit load at R3. 


These “P” and es i stresses can be obtained directly by proportion from the 


U and U' stresses of the analogous truss. Columns No. 14 and 22 will give 
the relative deflection ordinates for the elastic curve when a unit load is 
placed at R2 and R3 respectively. Since the five-span truss is symmetrical, 
deflection curves with unit loads at R4 and R5 are opposite hand to those 
determined for R3 and R2 respectively. 

A close study of the author’s method should make it evident that the pro- 
cedure lends itself very readily for use in determining elastic curves that 
are required in calculating the reactions of continuous trusses with even 
more than five spans. 

Mr. Karol indicated that computations would be required for deflections 
due to unit vertical loads at Rl, R2, and R3, extending over the entire length 
of the structure. It is evident here that Mr. Karol does not have a thorough 
understanding of the author’s method. Deflections are never required for 
either the first nor the last reaction. The analogous cantilevered truss 
method is developed around the fact that influence lines are obtained for the 
inner supports only; the ordinates for the external reactions are obtained by 
statics. Evaluations of influence line ordinates do not involve small differ- 
ences of large numbers, whereas such would be the case when utilizing 
algebraic equations. 

Mr. Howard H. Mullins should be commended for his effort and wonderful 
dissertation on the analysis of indeterminate framed structures. The method 
of least work is undoubtedly invaluable in its application of analysis for in- 
determinate structures. However, it should be emphasized that any one 
method of stress analysis is only as good as the user’s knowledge of its 
application. 
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Basically, there are three fundamental procedures for stress analysis of 
truss structures; namely, Least Work, Virtual Work and the Theory of 
Redundant Members—anyone of which has a direct relationship to the others. 
It is desirable that the bridge designers have information in regard to, and 
be able to apply, these classical methods of analysis. Nevertheless, it is 
most desirable that the short cuts, “tools” or a simple presentation be 
recognized as being essential in stress analysis. 

It is for this reason that the author has sought ways and means of simplify- 
ing procedures. His presentation is no novel theoretical approach, but a 
simple tabulating procedure based upon certain relative facts and readily 
lending itself to simple arithmetical computations. It is with this in mind 
that the author has presented his paper. 

Mr. Mullins’ dissertation on the subject approaches the author’s presenta- 
tion which can also be made applicable to the various types of bridge trusses. 
However, upon making a close comparison of the two methods, it can be seen 
that Mr. Mullins’ approach involves a few more calculation procedures, more 
columns in the tables, and additional basic calculations for determining unit 
stresses such as Sa, So, Sc, rj, rg. For a long bridge this would involve 


considerably more work. In any event, Mr. Mullins’ method certainly would 
eliminate the nine digit decimal coefficients in the algebraic expressions or 
equations as presented in the original design analysis by the designers of the 
Mississippi River bridge. 

In closing the author wishes to take this opportunity to express his ap- 
preciation to those participating in the discussion of his paper. 
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Discussion of 
“TESTS ON BOLTED CONNECTIONS IN LIGHT GAGE STEEL” 


by George Winter 
(Proc. Paper 920) 


GEORGE WINTER, !4 M. ASCE. — The evidence presented by the contribu- 
tors to the effect that the performances and relationships observed in the 
tests on bolted light-gage steel connections are similar to those which have 
been observed in aluminum riveted joints, is interesting and gratifying. At 
the same time it is difficult to see any advantage in the use of the contribu- 
tors’ Eqs. (A) and (B) and it is believed, on the contrary, that they becloud 
the physical picture. 

By simple transformation, Eq. (A) takes the altogether not surprising form 


n(s-d)t = opdt (A,1) 


The left side represents the bolt load if one chéoses to express it in terms of 
the nominal stress on the net section, the right side expresses it in terms of 
the nominal bearing stress, and the two are equal by definition. The equation 
by itself contributes nothing to the explanation or description of failure. This 
is illustrated by the fact that the contributors have to resort to the writer’s 
test result, i.e. to his Eq. 4, in order to determine their empirical coefficient 
3.6 which alone makes their Eq. (A) reasonably applicable over a limited 
range of the present, relevant tests. There seems to be little promise, then, 
in trying to apply a bearing stress concept to those specimens which ob- 
viously failed in tension (Fig. 3, III) and vice versa (Fig. 3, II). 

As regards Eq. (B), a similar simple transformation gives, no more sur- 
prisingly, 


On (s-d)t = k Tp ( /4) (B, 1) 


The left side, as before, represents the bolt load if one chooses to express it 
in terms of the net stress, the right side that same load if one chooses to ex- 
press it in terms of an effective bolt shear stress, kTp, the two sides being 


equal by definition. The above discussion of Eq. (A,1) applies identically to 
Eq. (B,1) if the term “bolt shear” is substituted for “bearing stress” and 
Fig. 3,IV for Fig. 3,II. 

In particular, Eq. (B) gives no information on the value of the ratio 
Th/ wp the bolt shear at failure to the ultimate strength of the bolt material. 
The contributors, in Eq. (B), tacitly assume that the tensile strength of the 
sheet, 04, is equal to that of the bolt (the writer’s 04). Otherwise an at- 


tempt to relate the shear strength of the bolt to the tensile strength of the 
sheet rather than that of the bolt, as in Eq. (B), makes no physical sense. 
The tensile strengths of the bolt and sheet materials may be equal in the 
contributors’ aluminum connections. They definitely were not equal in the 


14. Prof., Head, Dept. of Structural Eng., Cornell University, Ithaca, N.Y. 
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writer’s steel connections so that his results cannot possibly be represented 
by Eq. (B). This will be evident from the following information: 

Since the time of publication of the subject paper the writer and his colla- 
borators have carried out 476 additional, similar tests, but with high- 
strength steel bolts. His Eqs. 1 to 8 were found applicable to these addi- 
tional tests without any change. (A paper describing these tests was 
presented at the Lisbon Congress of the Int. Assoc. for Bridge & Structural 
Engineering in June 1956 and is in process of publication of that Association’s 
Publications, Vol. 16, 1956). In the totality of these more-than-one-thousand 
tests, the tensile strengths of the sheets, 7+, ranged from 41,000 to 77,000 
psi while that of the bolts, 74), ranged from 63,000 to 171,000 psi. It is seen 


that an expression for the shear strength of bolts, such as Eq. (B), which 
contains the evidently extraneous tensile strength of the sheet, o;, but does 
not contain the basically relevant tensile strength of the bolts, 74), is un- 
doubtedly inapplicable except for the case when 0; = gtp.- 

In both papers it has been the writer’s aim to refer the strength pro- 
perties of the connections to those dimensional parameters and materials 
properties which seemed relevant to the actually observed modes of failure 
(Fig. 3) while maintaining maximum simplicity at the expense of some 
scatter. While Eqs. (A) and (B) do not seem to contribute to a better 
analytical representation of the test results, the information presented by 
Messrs. Matthiesen and Moore which shows that relationships similar to the 
writer’s are in agreement with tests on aluminum connections, is interesting 
and gratifying. 
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Discussion of 
“THE LOAD DISTRIBUTION IN HIGHWAY BRIDGE DECKS?” 


by A.W. Hendry and L.G. Jaeger 
(Proc. Paper 1023) 


PRANAB KUMAR CHAUDHURI 15. — The problem of assessing accurately 
how a concentrated load or a system of concentrated loads applied on a 
bridge deck is distributed among the main longitudinal girders which are 
interconnected by transverse girders and/or the deck slab has assumed a 
great importance today. However since the interconnected structure is 
highly redundant an exact elastic analysis normally becomes extremely 
cumbersome and during recent years a number of ingenious methods has 
been advanced for tackling the problem. The authors of the paper under 
consideration must be congratulated for adding a new method to the list. 
Apart from being fairly simple, their method has the added virtue of being 
complete; that is to say, it is directly applicable to all kinds of interconnected 
bridge girders with any degree of torsional stiffness and with any variation 
in the relative sizes of the girders composing the grid. This, of course, is 
the chief merit of the author’s method. However the following points arising 
out of the paper may deserve some consideration. 

It will be realised very easily that unless a bridge structure has a high 
torsional rigidity, the significance of a transverse girder helping in the 
distribution of load among the various longitudinals will diminish gradually 
as the said transversal is located further and further away from the center of 
the span. It follows directly, therefore, that in an ordinary steel bridge sys- 
tem where the longitudinals have low torsional stiffness, the use of a large 
number of transverse girders does not contribute to an economic distribution 
of the superimposed load. Leonhardt(15) holds that the lateral distribution 
of a concentrated load among the longitudinals of an interconnected bridge 
system of low torsional stiffness remains the same for more than five 
transverse girders as for five and consequently in his approximate solution 
he uses the same equivalent single cross girder at the middle to replace five 
or more transversals. Secondly, to a designer, the interconnected bridge 
girder will have little appeal for long spans as, then, the dead weight of the 
structure will be too high for the consideration of an interconnected design 
for the distribution of heavy concentrated loads to be worthwhile. A third 
point for the designer’s consideration will be the added cost by way of form- 
work in concrete and of extra welding and manipulation in steel for a bridge 
system with a large number of interconnection points between girders in two 
directions. On the other hand, for very small span bridges the load distribu- 
tion problem is not of such a great importance. It can be contended therefore 
that the design of a grid for the effective distribution of heavy concentrated 


15. Structural Designer, Hind Consts. Ltd., Calcutta, India; (temporarily) 
research student, Dept. of Civ. Eng., Imperial College of Science and 
Technology, London, England. 
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loads acting on a bridge (steel or concrete) is economical, in general, only in 
the case of medium-span (say 100' to 200') structures. As a matter of fact, 
bridges designed and constructed consciously as grids rarely go beyond the 
medium-span limit suggested above. 

The practical usefulness of the authors’ method—as that of any other 
method—to a designer must be assessed in the light of his practical design 
requirements. If, as shown above, he has to design an economical medium- 
span steel bridge he will rarely need to exceed 6 longitudinals x 3 
(intermediate) transversals for his purpose. The authors have pointed out 
that their assumption of a continuous transverse medium holds for as few 
as three cross girders. While this may very will be true, the point remains 
whether the elaborate analysis of the authors is really a simplification of the 
designer’s job for most practical steel bridge cases. Even if one is not 
satisfied with Leonhardt’s formulae for such cases, one can precisely 
analyze such a “negligible-torsional stiffness” case without undue difficulty. 
Coming to practical concrete bridges, the formulae and especially the 
curves given by the authors for use in the case of a five-or more longitudinal 
bridge are very handy but similar curves must also be provided for three- 
and four longitudinal bridges before the authors’ method, in general, competes 
on equal terms with the Massonet solution the fruits of which are now availa- 
ble to designers in a nicely produced design-folder issued by the Cement and 
Concrete Association, England. Basically the authors’ method is certainly 
simpler, and easier to understand, but Massonnet’s curves are very easy to 
use in a design office. 

However, talking of methods like the authors’ or Massonnet’s where the 
torsional stiffness of the grid can be taken into account if required one is 
inevitably led to a study of the importance of torsion in the analyses of 
practical bridge grids. Experiments have been conducted by Massonnet in 
Europe and Naruoka in Japan, among others, on actual bridge grids. It is 
premature to come to a definite conclusion yet but the present contributor has 
a feeling that the effect of torsion in a practical bridge case has often been 
over emphasized. Thus the cautious designer spending a lot of time and 
energy on an “exact” analysis probably does not realise that more concrete 
grids than he suspects could be analysed on the perfectly justified simple 
assumption of negligible torsional stiffness in Leonhardt’s method. This is 
not to say that the effect of torsion is always negligible but that the designers 
should develop that practical structural sense which alone can guide him in 
the selection of a method of analysis. 

The results included in the paper seem to be drawn entirely from tests 
carried out on bridges where the transverse distribution is effected only 
with the help of slabs or jack arches but not by discrete cross girders. This 
is interesting, as it is appreciated that in such structures the elegance of the 
authors’ method is fully evident. There are, of course, other methods availa- 
ble, notably the numerical procedure developed by Newmark and the conven- 
tional orthotropic plate analysis and its variants 3, 13, 16, 17, 18 but the 
authors’ solution is definitely a neat, general approach for these structures. 
The fact that the difficulty in computing the effective second moments of area, 
torsion constants etc., of the bridge elements and the consequent wide varia- 
tions in the assumed properties of the elements result in relatively small 
variations of the distribution coefficients lends special weight to the claim of 
advantage put forward by the authors in favour of their method applied to 
slab-bridges. If in most of the discussion above an attempt has been made 
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to gauge the practical utility of the authors’ method to designers, this is not 
to detract from its merits which are acknowledged and pointed out. One last 
point may perhaps be made to tie up the above remarks. By virtue of its 
“completeness,” explained before, the authors’ method is probably the most 
convenient for analysing existing bridges of all kinds which were not designed 
consciously as grids but which, nevertheless, act as such. A knowledge of 
the load distribution in such structures is of enormous importance, as,on it 
alone will depend whether the existing bridge can be expected to respond 
satisfactorily to the ever increasing demands of the present and the future. 


Note: There seems to be a typing error in equation (14) in the paper. The 
first term in the numerator should be 72 in place of 7. 
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Discussion of 
“STRESSES IN PRESSURE PIPELINES AND PROTECTIVE 
CASING PIPES” 


by M. G. Spangler 
(Proc. Paper 1054) 


A. A. EREMIN, 16 A.M. ASCE.—By presenting a development of Marston’s 
method of computation of stresses in rigid and flexible pipes, the author has 
made a valuable contribution to theory of stress distribution in the pipes. It 
is true that, at present, long pipe lines are widely used. Therefore, greater 
accuracy in design and analysis are needed. 

In addition to a transverse loading, the pipes are often highly stressed 
due to variation in loading along the pipe axis. With the lack of an exact 
method of computation of longitudinal stresses in pipes, long pipes are 
generally constructed in sections broken by the transverse construction or 
expansion joints which accomodate a free displacement. Of course, the 
transverse expansion joints are not an ideal solution and a greater study for 
their ellimination is highly desirable. 

During construction of flexible pipes temporary vertical struts are often 
installed along the vertical pipe axis to take a direct load from fill. After 
completing the fill the struts are removed. Obviously, the effect of struts 
may be considered as a method of prestressing of the pipe. Therefore, 
introduction of the struts in the pipe may affect the computation of the reac- 
tion forces which was not considered by the author. 

Continued study of distribution of stresses in rigid and flexible pipes is 
highly desirable. Therefore, the author’s analysis of the Marston’s theory 
is quite timely and should be highly complimented. 


Cc. NEUFELD, !7 A.M. ASCE.—The method of determining stresses in pres- 
sure pipe lines and casing pipes, as presented by Professor Spangler, will be 
a very useful starting point in arriving at adequate installations which must 
safely convey materials possessing a degree of hazard and must also safely 
support heavy dynamic loads transferred through soil. 

The application of the design procedure for pipe lines under railways and 
highways involves certain practical considerations which should be drawn to 
the attention of the readers. Professor Spangler has assumed that the con- 
centrated loads are distributed by the rails, ties and ballast to such an 
extent that the weight of a locomotive can be considered as a uniformly dis- 
tributed load over the entire length of the locomotive. Figure 1 has been 
drawn to scale to illustrate the loading conditions for a typical pipe installa- 
tion under a railway track. It is obvious that the effect of axles Nos. 1 and 6 
to 9 inclusive on the pipe line is negligible and it would be interesting to have 
Professor Spangler’s assumption as to the distribution of load if the tender 
were removed entirely. It should be borne in mind that the track structure 


17. Eng. of Bridges, Canadian Pacific Railway Co., Montreal, Que., Canada. 
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is relatively flexible and on this basis if is difficult to understand how the 
weight from the drivers could be distributed over the length of the entire 
wheelbase of the engine and tender. A more logical assumption would be 

that for a pipe line located as shown on Figure 1, the load at the base of 

the ties in the vicinity of the drivers is equal to the weight of one axle dis- 
tributed over an area of 5' x 8'. On this basis, the unit pressure at the base 
of the ties including impact is approximately 3,060 lbs. per sq. ft. instead of 
2,090 lbs. per sq. ft., used in Example 1 by Professor Spangler. 

The paper illustrates the method of determining pipe wall thicknesses 
based on deflections but does not indicate the maximum permissible deflection 
for this type of installation. A recent pipe line undercrossing a railway 
consisted of a 30" O.D. carrier pipe in a 34'' O.D. casing pipe with 3/8"' 
wall thickness. This provides a clear space around the carrier pipe of only 
1.625" whereas the usual assumption that a deflection equal to 5% of the 
diameter is safe, would permit a deflection of 1.7". For the installation in 
question, this would result in the casing pipe contacting the top of the carrier 
pipe which is not satisfactory. If deflection is considered a criterion for de- 
sign, it should be strictly limited and in the writer’s opinion should not ex- 
ceed 2.5% of the diameter of the pipe. 

Pipe line installations frequently involve a large number of crossings over 
a vast territory in which conditions can vary considerably. The passive 
resistance of the soil may be unknown so that the designer must consider 
that an installation may occur where passive resistance can be considerably 
less than the 30 psi assumed in the example illustrated by Professor Spangler. 
The reader has been cautioned that the numerical values were chosen 
arbitrarily but he may have difficulty in arriving at the correct value for a 
particular installation. It would be useful to have factual data on the range 
of passive resistances which can be encountered in natural ground but in the 
absence of such information, it would be prudent to assume a value not ex- 
ceeding 20 psi and possibly 15 psi would be justified. 

A pipe line undercrossing from a structural standpoint is an unsatisfactory 
type of installation because on completion, the structure is literally buried 
and cannot be inspected or maintained without complete removal of the car- 
rier pipe. This procedure is impractical and is not contemplated so that 
some provision must be made to ensure a safe structure for an unknown 
period of time. In addition, the usual method of installation by boring and 
following with the casing pipe precludes the use of protective coatings. The 
steel or wrought iron casing is therefore immediately subject to corrosive 
elements in the soil which are also unknown and may be very severe in cer- 
tain locations. 

Consideration must also be given to the effect of stress corrosion on the 
casing pipe. It has been assumed by certain authorities that a stress level of 
30,000 psi is acceptable but it is not known whether this is consistent with 
the criterion that a maximum deflection of 5% of the diameter can be tolerated. 
It should be realized that the rate of corrosion is a function of the stress level 
and will be accelerated by high internal or external stresses. Such stresses 
are produced by methods of manufacture, such as cold-forming which is used 
in making the pipe, or by methods of assembly such as welding. The weld 
metal itself can be a stress raiser and there is no assurance that the line of 
weld will not be located at the point of maximum stress when the pipe is in- 
stalled. Corrosion fatigue will also be present where stresses are fluc- 
tuating or cyclic in nature which corresponds to the stress pattern resulting 
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from railway loading. It has also been demonstrated that planes of slip 
induced by cold-working may be the cause of susceptibility to stress-corrosion 
cracking. With these factors in mind, it is the writer’s opinion that the stress 
level should not be permitted to exceed 20,000 psi for steel irrespective of 

the yield point strength and, as a protection against corrosion, at least 1/16" 
thickness of metal should be provided in addition to the theoretical thickness 
obtained on the basis outlined above. 


E. A. RICHARDSON 18.—The paper under discussion presents quite well 
the mathematical theory of buried-pipe behavior as that theory has been built 
up, together with important additions. The author’s analysis would appear to 
yield conservative results in most cases. However, in the light of modern 
soil mechanics, the theory seems inadequate in some respects. Without in 
any way intending to detract from the author’s work on this subject, the 
following comments are an attempt to point out some deficiencies in present 
theory and to suggest a way toward future and more precise development. 

To clear up a few minor corrections to the paper as it stands: Equation 
(25) should have AX"', not AX, in the second term, right hand member. Also, 
according to line 2, page 1054-27, W,, as used in equation (25) is derived 


from equation (3). But the latter is in pounds per lineal foot. The notation 
governing the section, given on page 1054-20, requires W,, to be in pounds 
per lineal inch. A similar confusion could apply to equations (19) and (20), 
for which W should be in pounds per lineal inch. 

Equation (25) is based upon a pipe-laying procedure which does not appear 
to correspond to preferred practice, particularly for large pipe. It is as- 
sumed, (a) that a pipe of circular cross-section is placed in the trench, (b) 
that the trench is then backfilled with no pressure in the pipe, whereupon the 
horizontal diameter increases and the vertical diameter decreases under the 
earth load, (c) that the application of internal pressure (i) increases the 
vertical diameter and reduces the horizontal diameter, (ii) the pressure on 
top of the pipe is not increased by the rise of the top surface, (iii) the pres- 
sure on the pipe sides is not decreased by the decrease in horizontal 
diameter, and (iv) the expansion of the pipe does not set up outside earth 
pressure reducing the expected tensile stresses. 

If equation (25) applies measurably, the rise of the top of the pipe may 
increase Wo materially. In general the value of W, can exceed the pres- 


sure due to the full head of earth through reversing the direction of shears 
on the fill at the sides of the trench. Such action tends to reduce the change 
in AX. Furthermore, any reduction in lateral diameter may remove a 
large proportion of the lateral pressure supporting the pipe. It seems im- 
probable that this equation (25) is typical of the phenomena involved. 

In practice the pipe placed in the trench may not be circular. If it is 
relatively thin, its horizontal diameter tends to increase at the expense of 
the vertical diameter through vibrations in transit, handling operations, and 
settlement under its own weight. When placed in the trench, the pipe is 
rotated about its axis through 90° so that the long axis is vertical. Tamping 
and back-filling is then carried out. The aim is to have the horizontal and 
vertical diameters substantially equal after the earth load is applied. In 
such a case equation (25) is unnecessary, for the application of internal 


18. Engr., Publications Dept., Bethlehem Steel Co., Bethlehem, Pa. 
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pressure may expand the pipe but it will not tend to raise the fill or draw 
the pipe away from the passive pressure of the side fill. Likewise 
equation (23) is not fully applicable, for the expansion of the pipe tends to 
compress the earth outside and produce an external pressure limiting the 
amount of expansion and the tensile stresses. 

The methods which have been used for estimating ring stresses due to 
earth loads, and the deflections to be expected, suffer from several departures 
from assumptions. The ring theory as applied in this paper assumes that ring 
deformations have no effect upon the outside pressure distribution. It also 
assumes that the required deflections may occur freely without restraint. 
Neither assumption agrees with practice. Hence equations such as (21) and 
(30) must be regarded as essentially empirical and may well be of very nar- 
row range in agreeing with practice. For example, factor “e” is used for 
any and all soils, even though K is closely related to the type of soil. Nor 
does this factor take into account wide variations in lateral pressure due to 
large vertical heads of earth, or the rise in such pressure with the applica- 
tion of compressive forces to a body such as dense sand or gravel. In the 
case of jacking up the pipe, it should be possible to estimate stress distribu- 
tions quite closely. But those due to earth pressure are difficult to estimate 
due to the departures of the deformations from those assumed. Local bending 
stresses would remain, but the bulk of the load would be taken by arch action, 
with the earth so limiting deformation that this would be true. It is believed 
that the formulas (21), (23) and (30) do give adequately conservative results. 
Lacking better methods of calculation, their use should continue. 

Suppose that a pipe has been designed and installed. Time passes. 
Another pipe is to be laid close to the first. A trench is opened, whereby the 
vertical shears partially supporting the old fill are removed. The new trench 
is now filled. According to theory, the loads on the first pipe will be very 
materially increased, since the shear of the new fill is now downwards on the 
old. The first pipe should be taking loads in excess of the full head of earth 
on top of it. In practice, it is found that such apparent overloading has no 
tendency to collapse a flexible pipe. It is said that pipes buried some time 
have been evacuated, giving rise to apparently enormous stresses, without 
any sign of collapse. Such examples tend to show that the formulas may give 
conservative pipe proportions, but they most assuredly give no real informa- 
tion concerning the true behavior of pipes. It is said that no buried steel 
pipe once installed has ever failed. 

If pipe is installed in earth supported at no great depth on limestone, it 
would appear that adequate attention should be given to providing strength in 
bending to permit a pipe to sustain safely the stresses arising from the 
development of a sink hole around it. Similarly, if pipe should be installed 
where the sand can become quick (as fine sand, through which water may 
move upwards or downwards with considerable speed), external fluid pres- 
sure and loss of support may occur with upwards flow, while subsequent 
downwards water flow may impose nearly full vertical loads on the pipe but 
destroy any appreciable lateral support. In general pipes would be given 
special attention in the latter case and protected from such soil behavior. In 
the former case no special attention might be given. Even then, steel pipe 
tends to carry the loads without failure. 

It is not the purpose of this discussion to develop better formulas. More 
information is required on the pressure of, and resistance of earth for small 
deformations. Then equations for ring behavior fitting the pressures and 
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deflections must be set up. From such equations it may be possible to derive 
simplified equations adequate for a reasonable analysis of the stresses and 
deflections to be expected. Tests of formulas so derived are then required. 
It is sufficient for the present to take note of the weaknesses of present-day 
analysis. 

It should be noted that where “steel pipe” appears herein, the wording 
“flexible pipe” may be substituted. 

In conclusion: It has been suggested that the method for estimating stress 
and moment distribution circumferentially of a buried pipe through use of the 
combined ring-theory, load-distribution method leads to uncertainties. It 
would seem well to check buried pipe behavior through observing the strains 
both inside and outside the pipe at a large number of points circumferentially. 
This should be done throughout the period from placing the pipe in the trench 
to the completion of the back-fill and for as long afterwards as may be 
practicable. It should cover particularly the steps of elongating the vertical 
diameter, the tamping of fill about the pipe, and the placing of several levels 
of back-fill. In this manner it should be possible to estimate moment 
distribution and direct stress distribution circumferentially. The discusser 
is aware of pressure cell measurements, but so far no references available 
to him suggest the employment of this strain method. Obviously much 
information regarding the actual behavior of different soils with respect 
both to active and passive pressure could be obtained through a sufficiently 
extended test program, and the effectiveness of the preferred method for 
installing pipe could be evaluated. 
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Discussion of 
“PRESTRESSED CONTINUOUS BEAMS AND FRAMES” 


by P. B. Morice and H. E. Lewis 
(Proc. Paper 1055) 


E. L. KEMP,!9 J.M. ASCE, and A. H. MATTOCK20,—The authors have 
dealt with the question of transformation of tendon profiles at some length. 
Although satisfied as to the effect of transformation of tendon profiles at the 
working load stage, when the behaviour of prestressed structures is elastic, 
many engineers have expressed doubts about the safety of structures in- 
corporating transformed tendons. With the object of checking the influence of 
transformation of tendon profile on the ultimate load-carrying capacity of 
prestressed concrete portals, two tests were recently carried out at Imperial 
College. In the first test a prestressed concrete portal with a concordant 
tendon profile was loaded to destruction. In the second test a portal identical 
with the first in all respects, except that the tendon profile was given the 
maximum possible transformation, was loaded to destruction using the same 
loading system. The details of the two portals are set out in Fig. 1. 

Two equal vertical point loads “P” were applied at the third points of the 
transom of the portal, and a third load equal to ‘0.2P” was applied at one 
corner, acting diagonally inwards. The purpose of the third load was to 
simulate the effect of wind loads on a portal, and to induce maximum moment 
in the structure at a corner instead of in the transom. Under this loading 
arrangement, and with the cable transformed downwards in the transom, a 
plastic hinge must first form at the corner subject to maximum moment, 
when the frame is overloaded. Considerable rotation of this hinge must occur 
to permit full redistribution of bending moments in order that the second 
critical section, (i.e. at the third point of the transom remote from the hing- 
ing corner,) can reach its ultimate moment of resistance before collapse of 
the hinging section. All previous tests known to the writers have produced 
hinges in the transom and not at a corner. 

The working load design for both portals was carried out as if the sway 
load could be applied at either corner. A symmetric parabolic profile was 
used in the transom, and linear profiles in the legs of the portals. The tendon 
profile in the second portal was transformed downwards in the transom as 
far as possible, whilst still providing adequate cover for the tendon at mid- 
span. The leg tendons were rotated inwards so as to produce the same 
moment change at the top of the legs as the transom profile transformation 
produced at the ends of the transom. Both the portals were post-tensioned 
with 3/4"' Lee-McCall (Stressteel) bars in the columns and pairs of 1/2" 
Lee-McCall bars in the transoms. The tendon ducts were injected with 
cement grout after the bars were tensioned. 


19. Research Student, Dept. of Civ. Eng., Imperial College of Science and 
Technology, Univ. of London, England. 

20. Lecturer, Dept. of Civ. Eng., Imperial College of Science and Technology, 
Univ. of London, England. 
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Fig. 2 shows the second portal in position in the testing machine after 
completion of the test. The vertical loads were applied to the transom by a 
200 Kip Riehle testing machine, and were measured by a proving ring placed 
between the crosshead of the testing machine and the load distribution beam. 
The sway load was applied by a turnbuckle, and measured using an electrical 
resistance gauge dynamometer. Both the vertical and horizontal reactions 
were measured using electrica! resistance gauge dynamometers. Concrete 
strains were measured at both critical sections, using an eight inch gauge 
length demountable mechanical strain gauge. 

Full redistribution of bending moments was attained before failure in both 
cases, even though very considerable redistribution was required in the 
portal with transformed tendon profile. The hinging corner of this portal 
after complete redistribution is shown in Fig. 3. 

It can be seen in Fig. 2 that the transom critical section was able to 
reach its failure moment whilst the corner was still maintaining its hinging 
moment. 

The variation of moments at the two critical sections in each portal is 
shown in Figs. 4 and 5. In the case of the portal with transformed tendon 
profile, the immediate effect of cracking at the corner was to reduce the 
parasitic moment produced at the time of prestress. This reduction must 
have been caused by the change in stiffness of the corner produced by the 
cracking. The reduction of the parasitic moment has the effect of causing 
the actual moment acting on the corner to increase more rapidly than was 
the case prior to cracking. When the parasitic moment had entirely disap- 
peared, plasticity at the corner reduced the rate of increase of moment at 
this section, and eventually halted increase altogether. Almost constant 
moment was maintained at the corner of the transformed tendon portal 
whilst the vertical load increased from 22 kips to 30 kips, (with proportionate 
increase of the sway loading.) The variation of moment at the transom 
critical section was regulated by the behaviour of the corner, the two being 
connected by the moment relationship for the portal made statically deter- 
minate by a hinge at the corner. 

The total loads carried by each of the portals at failure were almost 
identical, i.e. transformation of the concordant tendon profile did not reduce 
the ultimate load carrying capacity of the portal in the case considered. 

The measured moment rotation curves for the corners of the portals are 
shown in Fig. 6. These resemble closely the curves for a simple prestressed 
beam referred to by Dr. Morice in a recent paper.(1) The presence of the 
prestressing anchorages at the corner did not appear to affect the behaviour 
of the corner when acting as a plastic hinge. 

It should be noted that the plastic hinges which formed at the critical sec- 
tions were of the compression type, (i.e. the concrete crushed whilst the 
steel strain was only slightly plastic,) and that therefore adequate rotation 
depended entirely on achieving high concrete compressive strains. The 
corners reached their maximum moments at about 0.2% maximum concrete 
compressive strain, and continued to hold almost constant maximum moment 
for concrete compressive strains in excess of 0.45%. The large strains 
achieved resulted in sufficient rotation of the hinging section being available 
to permit full redistribution of bending moments to take place before com- 
plete failure of the portals. The maximum concrete compressive strain at 
the transom critical sections at failure was in both cases approximately 0.2%. 

The attainment of concrete compressive strains at hinging sections greatly 
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in excess of those which occur at failure sections in statically determinate 
structures, has also been observed in many tests of prestressed and rein- 
forced concrete frames and continuous beams. The actual available rotation 
at a section acting as a plastic hinge in an indeterminate structure is much 
in excess of the calculated available rotation, if parameters used in calculation 
are based on tests of statically determinate structures, i.e. simple beams. 

The general conclusion reached after studying these and other test results, 
is that the ultimate load carrying capacity of an indeterminate prestressed 
concrete structure can be estimated reasonably if complete redistribution of 
moments is assumed to occur before failure. The validity of this conclusion 
depends on the elimination of premature bond or shear failure by suitable 
design of sections. 


RE FERENCE 


- MORICE, P. B. — “Analysis of Prestressed Concrete Structures and the 
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Structural Paper No. 51, 1956. 


DEAN C. KAMARAS,21.—In this paper under the subheading “The Effects 
of Continuity on Live Load Moments” the authors consider the effect of 
variation of span length upon the live load moment conditions in prestressed 
continuous beams. Using a three span symetrical beam under uniform load, 
with ratio of end spans to center span from 0 to 1 they conclude that equal 
spans give the best moment conditions i.e. minimum live load moment 
variations. 

These results raised the question—Is this true for non uniform loading 
such as the AASHO H 20-S 16 loading? It is felt that because of the con- 
tinued steel shortage and increasingly competetive position of prestressed 
concrete in highway bridge design that a study similar to that of the authors, 
but using AASHO H 20 S 16 loading would be of value. A three span struc- 
ture was selected as typical since this type is commonly used for grade 
separations and will be used in increasing numbers in the Interstate Highway 
System. Center span to end span ratios were varied from 1 to 1.5. Points 
at which moment variations where computed are shown in Fig. 1. Total 
length of span considered are 120, 150, and 180 feet. The results are shown 
in Figures 2, 3, 4. M1 is the live load moment range i.e. algebraic sum of 
maximum and minimum live load moments. In addition simple beam 
moments of the center span are compared to those of the continuous beam; 
see curve No. 5. 

General conclusions should not be drawn from only three examples; how- 
ever the above graphs indicate that: 


1) If horizontal clearance is not a problem then the minimum live load 
range occurs at a span ratio of 1:1,3:1; however there is less than 4% varia- 
tion for the controlling section at span ratios considered. Furthermore the 
difference between a three equal span staticly determinate structure and 
the minimum value above is equal or less than 7%. These minimums do not 


21. Structural Engr., Gannett, Gleming, Corddry & Carpenter, Inc., 
Pittsburgh, Pa. 
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occur at the 1:1:1 ratio which the authors found for uniform loading. 

2) However since horizontal clearance is many times a problem in grade 
crossings. This data indicates substantial reduction in L.L. moments at the 
1:1.5 ratio which show approximately 30% reduction over that of the simple 
beam. 
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Discussion of 
“HYPERBOLIC PARABOLOIDS AND OTHER 
SHELLS OF DOUBLE CURVATURE” 


by Alfred L. Parme 
(Proc. Paper 1057) 


zs Au,22 A.M. ASCE.—The author has presented in a systematic and 
logical order the general equations for shells of double curvature based on 
membrane theory, with special applications to hyperbolic paraboloids and 
elliptical paraboloids. While only a limited number of loading conditions is 
amenable to algebraic solution, the paper has treated the cases of practical 
importance. Thus, not only the solutions are carried out with mathematical 
rigor, but the structural behaviors of these shells are also clearly explained 
in engineering terms. 

Since the paper suggests the use of difference equations and relaxation 
method for the solution of other shells of double curvature for which the 
classical solutions are either extremely complicated or plainly unavailable, 
it may be desirable to point out also that such techniques can be adapted to 
hyperbolic and elliptical paraboloids with loadings other than uniform verti- 
cal load and with different boundary conditions. By considering wy, and Wy 
as components of force in the direction of x- and y-axis respectively, acting 
at the center of the element in Fig. 1 of the paper, equations (5) to (9) can 
be generalized as follows: 


0 


(6) 


Equations (7a), (7b) and (7c) remain unchanged. Then, by introducing the 
stress function F so that 


22. Asst. Prof. of Eng. Mechanics, Univ. of Detroit, Detroit, Mich. 
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These values satisfy equations (5) and (6), and reduce equation (7c) to the 
following: 


OF OF Bz 2F 
Dy* Ox? By? ax vy axay 


az 
+ w, 92 422 Wy Ax (9) 


Solutions of these equations, either by algebraic or numerical method, for 
hyperbolic paraboloids subjected to several types of lateral loads are well 
known in European literature,(1) but they have been dismissed by others(2) 
as only of academic significance because the distribution of lateral forces 
is generally simplified and assumed in a mathematically convenient manner. 
While the assumption of the distribution of wind pressure in these solutions 
may not meet the requirements of the American building codes, the effect of 
an earthquake can be similated by distributed horizontal force. The latter 
type of problem is probably not academic, and the same approach has been _— 
used to compute earthquake stresses in spherical domes and in cones.(3) me 

Finally, there is one minor point in the paper which is perhaps not 
pertinent in practical applications, but nevertheless should be clarified. In 
the derivation of equation (13) for hyperbolic paraboloids with moderate 


rise, it is stated that “because the differential Sp with respect to y and x 


is zero, it is seen from the relationships in equations (5) and (6) that 
Txp = Typ = 0.” Actually, from the derivation, the following equations are 


obtained: 


Txp = f(y) 

Typ = f(x) 
The functions f(y) and f(x) become zero if and only if the boundary conditions 
indicate that no normal forces are acting on the edges. Hence, it is the 
boundary conditions of free edges that prescribe the constants of integration, 
and equation (13) represents only one of the many possible edge conditions. 
This point is not lost in sight by the author since the terms f(y) and f(x) are 
included in equations (16) and (17) respectively for hyperbolic paraboloids 
with great rise. : 
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3. E. P. Popov: “Earthquake Stresses in Spherical Domes and in Cones,” 
Journal of Structural Division, ASCE, Proc. Paper 974, May 1956. 


W. WATTERS PAGON,23M. ASCE.—The Society is to be complimented on 
having published this presentation. The hyperbolic paraboloid has taken the 
fancy of some architects and engineers, and it is well to have an authorita- 
tive presentation of such structures, since Fluegge’s book (W. Fluegge, 
Statik und Dynamik der Schalen, 1934, Julius Springer, and 1943 photo- 
lithograph reproduction by Edwards Brothers, Ann Arbor, Mich.) is out of 
print and not easily accessible. 

It would be well if the author would enlarge upon his subject. For 
instance, there is no discussion of the deflections of such double curved 
shells, and although the hyperbolic paraboloid is considered to be very 
rigid, because of the opposing parabolic elements, there is no statement as 
to the limiting flatness. 

In roof structures usually dead load and snow are the essential loadings, 
and for domes a wind load (which the publications of which I know all deal 
with as an antisymmetrical wind loading, whereas the true wind loading in 
the lee is not the inverse of that on the upwind side) seldom will have a 
marked influence. However, there are two other load conditions which are 
not dealt with, namely (a) earthquake loading, and (b) uniform radial pres- 
sure. The writer had occasion last year to determine the dead load stresses 
for an ellipsoid whose axis of symmetry was horizontal, and it was only a 
month or so thereafter that Separate 974 appeared, dealing with horizontal 
earthquake forces on a spherical dome (Earthquake stresses in spherical 
domes and cones, E.P. Popov). - - - - - - - There is however still another 
loading, namely radial uniform pressure or suction. Last year the writer 
had occasion to design a building to be used to house a jet engine test 
facility, in which one of the design conditions was a large unit load per 
square foot, either inside pressure or inside suction, which caused large 
stresses and large structural members that could have been avoided had a 
domed structure been used. 

There is still another comment, made in the hope that the author can 
amplify as mentioned above. The paper, as with all others with which the 
writer is familiar, deals only with a roof slab of square or rectangular plan 
form. Why would not the hyperbolic paraboloid (for example) be used to 
house a cylindrical structure, or a structure of (say) hexagonal or octagonal 
shape (the latter preferably because of full symmetry) ? 

The author would greatly increase the utility of his paper by adding these 
topics. 


SANDI PADO BANNERJEE,24 A.M. ASCE.—The formulaticn of the equa- 
tions and also the method normally adopted for their solution have been ably 
exposed in the paper. 

The dead load w, of a hyperbolic-paraboloid shell with reasonably great 


rise has been represented by equation (14a) as 


Ww 


Ww = 
Z cos cos W, 


23. Cons. Engr., Baltimore, Md. 


24. Cons. Engr., Calcutta, India. 
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where w is the constant weight of shell membrane per unit area. The equa- 
tion is also applicable to doubly curved shells of other shapes. The writer 
finds that as the elements in the shell away from the origin form oblique 
angles ‘w’ between their adjacent sides, the relationship between the variable 
load wz on the projected area and the unit weight w should be represented by 


w 
Z~ cos ¢. cosW- 


instead of eqn. (14a). The subsequent related equations presented in the 
paper also require to be modified accordingly. 

With regard to the solution of the three fundamental equations 5, 6 and 7c 
for three unknowns, it is customary, as has been shown in the paper, to re- 
duce them to ‘one equation with one unknown’ by suitably introducing a stress 
function F. Mathematical solution of such an equation becomes extremely 
involved and therefore Relaxation or similar other iterative method is ap- 
plied for a practical solution of F. Herein again the operations are time- 
consuming having to guess the initial values to commence the iteration 
process. 

The writer, however, has found it more convenient to solve the three 
equations simultaneously after representing them through algebraic expres- 
sions obtained from the geometry of the shell form. As a result the solution 
is more direct. 

To illustrate the procedure, an hyperbolic-paraboloid may be considered. 
The fundamental equations are given in 5, 6 and 7c. Proceeding thereafter, 
the representative equation of shell form is given by egn. (10) as 


w sin w 


(A) 


Also w = cos-1 (sin. sinW) 
From eqn. 7c after substitution of values, 


2.8. .C = - Wz 
Wz 


p 


When w, varies due to constant weight w of shell slab, then 


(D) 


2 


be Z= | | xy = C.xy || 
dz az 
Thus, ‘ Ox = Cy, Oy = Cx, 
| 
Also, tang = E Cy, 
h 1 
and tan W = |- ce. 4 
Thus = tan-1 Cy 
and = tan-1 Cx (C) 
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sin Ww 


and then eqn. (D) becomes 


[Fe 
From egn. 5 of paper 


Txp 


The conditions at the boundaries require that at x = a, Txp =O. 
a Or 
f =- =—. 
(y) w f ay 
a 


-w. 6x 


-w. 6 x. Kx 


or (along boundary) 


oy 


x 


=w. 6x » 


Similarly, from eqn. 6, 


(K) 


The equations (F), (H) and (J) replace equations 15, 16 and 17 of the paper, 
and for purposes of solution are suitable for representation in ‘Finite 
Difference’ forms. 

The numerical values of r at each nodal point of the working grid on the 
x-y plane having been known from the geometry of the shell form (eqns. C, 

E and F), the values of or and = 4 and thus those of the unknowns 


Ox Oy 
Sp Txp and Typ are easily obtained. 


Similar equations as derived above can also be formed for doubly curved 
shells of other shapes. The working of an example through these equations 
will be found in an article by the writer under publication by The Indian 
Concrete Journal. 
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M. G. SALVADORI,25 M. ASCE.—Growing interest is being shown in the 
United States in translational shells which cover rectangular areas. Dr. 
Parme is to be congratulated for his clearly presented, simple and practical 
paper on membrane stresses in such type of shells. The writer had numerous 
opportunities of designing shells of this kind in the shape of elliptic paraboloids 
both in the United States and abroad, and he finds that rarely, if ever, do mem- 
brane stresses create difficulties even for very large spans. The shell thick- 
ness is never determined by membrane stresses, but by stresses due to bend- 
ing, temperature and buckling. The determination of this kind of stresses 
presents usually great mathematical difficulties, but, luckily, approximate 
solutions based on the so-called Geckeler assumption (1) lead to very simple 
formulas which are more than adequate for practical purposes. 


Bending Stresses Due to Loads 


The discrepancy between the membrane displacements of the shell and the 
displacements of the sustaining arches introduces bending disturbances in the 
neighborhood of the boundary which can be easily determined by cylindrical 
shell theory. Assuming that the transverse shear carries the entire load in 
the immediate neighborhood of the arches, indicating by R the radius and by h 
the thickness of the shell at the boundary, it is found that the shear at the 
boundaryhas the value:(2) 


Q, = -ac (1) 


and the maximum bending moment has the value: 


My = -(5)ac2, (2) 


where: 


c =1/B = 0.76 (3) 


The normal stress parallel to the arch at the boundary is zero since the 
whole load q is carried by the transverse shear. Figure 1 indicates the 
amount of load carried by the transverse shear, which peters out rapidly as 
one moves away from the arch. In the example No. 2 of the paper the maxi- 
mum radii and the thickness have values: 


R, = 102", R, = 156", h = 0.25' 


y 
hence: 


Cy = 0.76 102x0.25 = 3.84' 


Cy = 0.76 156x0.25 = 4.75' 


and with a load q = 60 psf: 
Q. = -0.023 k/ft., Qy = -0.287 k/ft. 


Mx = -0.440 k.ft./ft., My = -0.682 k.ft./ft. 
The total load carried by the transverse shear is obtained by multiplying Q, 


25. Prof. of Civ. Eng., Columbia Univ., N.Y., N.Y.; and Associate, Paul 
Weidlinger, Cons. Engr., N.Y., N.Y. 
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and Qy by the length of the corresponding sides it amounts to: 
We = 2(0.230 x 70 x 2.87x 100) = 89.50k 


and represents 37.6 per cent of the total load of 420 k on the shell. 


Bending Moment Due to Temperature Difference 
Between Shell and Arch 


If the shell is at a temperature AT°F higher than the arches and were 
free from them, the shell would have a displacement: 


Wo = AT (4) 
where a is the coefficient of thermal expansion of concrete (8 x 10-6). 
Cylindrical shell theory proves that, if this displacement is prevented by the 


arches, the following boundary shear and moment are developed: 


aEhc aEhc2 


For the shell of example 2 of the paper these formulas give: 
Mx = 63.0 AT; My = 62.8 AT 


It is seen that if a temperature differential of only 10° occurs, the bending 
moments at the boundary become fairly high. In fact, it is often impossible 
to absorb them, since an increase in thickness of the shell at the boundary 
produces an increase in c. Provided sufficient reinforcing be available at 
the boundaries in a direction orthogonal to the arches, it is often necessary, 
and quite proper, to let plastic rotation take care of the excess moment. 


Stresses Due to the Difference in Temperature Between 
the Outer and the Inner Surface of the Shell 


These stresses can be approximately evaluated by assuming that the shell 
is spherical with a radius equal to the average of the two maximum radii. It 
is found(3) that the outer and inner fiber stresses have the following values: 


Oo = (1/2) aE (1 - 2/3") AT 
oj = (1/2)aE (1 +2/3 2) AT (6) 
In the case of example No. 2 of this paper we obtain the following values: 
Fi = 12(1 + 0.0016) AT 


Such stresses do not usually require special care, but may lead to an increase 
of temperature reinforcement above the minimum required by codes. 


Reinforcement 


The fundamental assumption in the derivation of membrane stresses is 
that the supporting arches cannot react horizontally. This assumption is 

responsible for the supposedly infinite value of the tangential shear at the 
corners, but as mentioned above, in the neighborhood of the arches, the load 
is not carried by tangential shear, and if one subtracts from the total load, 
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the load carried by the transverse shear, it is found that the tangential shear 
at the corners is not infinite.(4) These shears can be evaluated by the equa- 
tions for the total vertical equilibrium of the shell, as shown in reference 
No. 5. 

On the other hand, the assumption that the arches do not react horizontally 
is not satisfied in the neighborhood of the corners, where each arch is sup- 
ported horizontally by the two adjoining arches at right angles. In order to 
make the arch as flexible as possible in a horizontal plane, it is advisable not 
to connect the diagonal reinforcement at the corners with the reinforcement 
of the arches. 


Buckling 


An approximate evaluation of the buckling value of the load q can be found 
by approximating the elliptical paraboloid once more by a tangent sphere. 
The critical value of a uniform pressure q on a sphere is given by:(4) 


_ 2E 
-=@ 


Ger V3 


With an average radius of 129', the formula gives: 
Ger = 3250 psf 


Even if we assume that the modulus of concrete is reduced to 1/6 of its 
original value (3 x 106 psi), we obtain a safety factor of over 8. It is seen 
that buckling is not usually a real problem even for very thin shells. 

It is hoped that a knowledge of bending and membrane stresses due to 
loads and temperature will give more confidence to the designing engineer, 
who will thus be in a position to cover very large areas at costs which cannot 
be met by any other type of structure at the present time. 
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Discussion of 
“MOMENT DISTRIBUTION CONSTANTS FROM MODELS” 


by Otakar Ondra 
(Proc. Paper 1058) 


JOHN C. MURPHY,26 J.M. ASCE.—Many numerical methods have been 
introduced to provide solutions for the determination of stiffness factors, 
carry-over factors and fixed end moments. The method of column analogy 
provides a general solution which lends itself to most problems of varying 
sections. The column analogy may be modified by taking subdivisions at con- 
venient intervals on the analogous column to approximate values of area and 
moment of inertia. 

The author’s concept of using a solid model is a physical application of the 
principles of the column analogy to replace the mathematical computations 
required for determination of the properties and loading on the analogous 
column. 

The advantage of the author’s method are most apparent when the case of a 
haunched beam uniformly loaded over a portion or the complete span is con- 
sidered. This problem is believed to be common in the design of reinforced 
concrete structures. 

The sketch for the analogous column for the exact solution shows the pres- 
sure solid which has to be considered. The volume of the pressure solid may 
be found for this case by integrating over the areas A and B. Volume Aisa 
solid with a constant base width and varying in height as the square of the 
distance from the center line. Volume B is a solid whose base width varies 
as the cube of the distance measured from its origin and whose height varies 
in the same relationship as for Volume A. 

For this type of beam and loading, probably the most expedient method of 
determining the beam constants and fixed end moments would be to assume 
subdivisions of the solid both for base widths and vertical heights on the 
pressure solid. These assumptions are shown in the sketch of the analogous 
column for the approximate solution. 

In a study made by the writer on this particular beam the value of the 
fixed end moment at the left end of the beam for the type of loading shown 
was found to be .0398qL2 by using the properties found by using the approxi- 
mate method. The exact value of the fixed end moment was found by integrat- 
ing for the areas and volumes on the analogous column. The exact value was 
found to be of the order of .0345qL2. Comparisons of these values indicates 
that errors of the magnitude of 15% may be involved when the approximate 
method is used alone. The magnitude of this error will be a result of the 
judgment of the individual, the refinement of the method and the complexity 
of the problem. 

The use of the solid model in the situation where a complex pressure solid 
is involved will provide a less tedious method of analysis or a good check on 


26. Eng. Dept., Pittsburgh-Des Moines Steel Co. 
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the approximate method of solution. As was commented by the author, two 
solids will be required for the determination of all the desired constants. 


THOMAS D. Y. Fok,27 A.M. ASCE.—The author is to be commended for 
his exploration of moment distribution constant determinations by model ex- 
periment procedures. With the aide of the “Pressure Solid” the effect of a 
varying moment of inertia upon the moment distribution constants can be 
easily visualized. Indirectly, the manipulation for determining the moment 
distribution constants by “Column Analogy” is more easily understood as a 
result of this method. 

In order to appraise the merit of this method two points will be stressed. 
(1) Accuracy of the results obtained by the experimental method in compari- 
son with the “exact” analytical method, and the “approximate” method 
ordinarily used in design office practice. (2) The time factor, as a basis for 
comparing the advantage of the method over other procedures. In the 
“approximate” method the properties of the analogous column section of the 
member under consideration are determined, first, by dividing the member 
into segments. Then, the moment of inertia of each segment is assumed to 
be uniform, and the value obtained by averaging the varying moments of 
inertia of the segment. 

Degree of accuracy in the computation of moment distribution constants 
is mainly determined by the type and function of the structure under con- 
sideration. In the design of a member in a structure, moment, shear, and 
axial stress values used are dependent upon the physical properties of the 
member. That is, the modulus of elasticity, the moment of inertia, and the 
accuracy of the dimensions of the member, etc. The accurate determination 
or estimation of the physical properties, and their influence upon the final 
results of analysis has been the subject of debate for many years, and 
continues so. 

Good practice in design dictates that the selection of values of modulus of 
elasticity and moment of inertia be those that give conservative design. In 
keeping with this, the accuracy of results obtained by model experiment or 
analytical methods can then be compared on a basis of the properties as- 
sumed. 


Accuracy of Results 


A The results obtained by model experiment are dependent upon 
~ a) measurement of the dimensions of model 
b) b) homogeneity of the material used for the model 
c) c) accuracy of balancing and weighing 
d) accuracy of arithmetical computations 


Since moment distribution constants are functions of the four factors 
mentioned, the relative errors of the results is the sum of the relative errors 
of the individual factors which are independent of each other. The reduction 
of the relative error in one factor will reduce the relative error of the final 
result proportionately. 


B The error of the results for moment distribution constants obtained by 
an exact analytical procedure—either by the integration method or the Column 


27. Design Engr., Richardson, Gordon and Associates, Pittsburgh, Pa. 
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Analogy method—is subject only to the error of arithmetical computation, and 
can be controlled by the “rounding off” of values. Accuracy can be to any 
degree desired. Results obtained by this method are used in making a 
comparison with the author’s method. 


C The error occurring in the determination of moment distribution 
constants by the approximate method results from the variation of moment of 
inertia in adjacent segments of a member being analyzed. The error can be 
reduced, somewhat, by increasing the number of segments used in the deter- 
mination of the moment of inertia, but depends on the type and shape of the 
structure, and the type of loading to which the structure is subjected. The 
magnitude of the error changes accordingly. Design office practice is to use 
data that has been compiled in tabular or chart form-based on approximate 
methods of calculation- either approximate integration or Column Analogy. 

If errors occurring in the four items listed above under A can be reduced 
with little effort, and to a greater extent than those obtaining in the approxi- 
mate analytical method, then the advantage of the model experimental method 
is readily apparent—at least in comparison of accuracy. 

To compare the accuracy of the determination of moment distribution 
constants by the exact analytical method with the approximate analytical 
method, an example of a haunched beam is used. See Figure 1. 

For computation by the approximate method the beam is divided into ten 
segments of one foot length. Moment distribution constants and fixed end 
moments due to a one Kip per foot uniform load are determined by both the 
exact and the approximate methods. The results have been tabulated in 
Table I, and are compared with values obtained from tabular data published 
by the Portland Cement Association,28 and by Column Analogy, where the 
properties were obtained by the approximate method. 

A comparison of the errors resulting from the experimental “Pressure 
Solid” method and the “Cardboard Model” method are shown in Table II. 

In comparing the relative errors in Tables I and II, the accuracy of the 
results obtained by the approximate analytical method is better than those 
resulting from the model experimental method. It should be noted, however, 
that this occurs in a member of simple shape, with simple loading, and only 
two or three different values of moment of inertia. Under such conditions 
the approximate analytical method furnishes more accurate results than 
model experimental procedures. With members of complex shapes (arches, 
etc.), and with complicated loadings the accuracy of the approximate method 
is reduced. Use of the exact analytical method requires increased labor and 
becomes quite involved. In such cases, model experimental methods will 
serve an important role in the determination of moment distribution constants, 
and will give much more accurate results with no increase in effort. 

It is shown in Table II that the average accuracy of the results obtained 
from cardboard models is lower than those from the Pressure Solid method. 
The choice of method will ordinarily depend upon the time and expense re- 
quired to construct the models, to test them, and to make the required com- 
putations. Cardboard models can be more readily furnished than the wooden 
models used in the Pressure Solid method. However, if Plaster of Paris, 
paraffin or other readily molded materials can be used, the construction of 
models will not necessarily govern the selection of the method used for ob- 
taining the desired information. 


28. Handbook of Frame Constants published by P.C.A. 


3 
a 
a 
4 
4 
Pe 
4 
4 
4 
rs 
4 
a 
4 
B 
4 
4 


ASCE DISCUSSION 1192-71 


It should be noted that the influence line for fixed end moment can be 
determined by one set up of end rotation by use of a cardboard model, where- 
as several pressure solids should be used in the other model method. Con- 
struction and weighing of the Pressure Solid model requires more time than 
the measurement of a deflected curve of the cardboard model. 


Time Factor in Obtaining Final Results 


Time required depends upon the skill of the computer. If the type of 
member and loading are simple the approximate or exact analytical methods 
will give results more rapidly and accurately than those derived from model 
experiments. With complicated types of structures, such as an arch with 
variable cross section, time consuming and laborious computations become 
necessary. In addition, there is loss of accuracy. If equal time is required 
to determine final results by the approximate analytical method and the 
model method, then the latter method should be used because of the gain in 
accuracy. Time, cost and accuracy are the governing factors in the selec- 
tion of the method to be used. A satisfactory determination would probably 
require a rather comprehensive study. 

In the determination of fixed end moments due to a uniform load by the 
method of Column Analogy, the use of the moment area with parabolic curve 
as a load becomes necessary. The determination of loads and moments on 
the analogous column is thereby complicated. In the case mentioned, a 
modified method, as shown by the author in section 8—Fixed end moments— 
can be used. 

As an example, the beam shown in Figure 2, with a uniform load of one 
Kip per foot, illustrates the use of the modified column section to determine 
load and moment on the analogous column. In order to make the structure 
statically determinate for the application of Column Analogy, the support at 
A is removed and the beam acts as a cantilever, fixed at B. The moment 
diagram is shown in Figure 2. The moment area is applied as a load on the 
analogous column. The magnitude of the load and its moment about the 
center line of the analogous column is determined as shown below. 


Area = 1x5 + 0.5x5 = 7.5 


_ 5x2.5 +2.5x7.5 
7.5 


P = Load on analogous column 
=P, (abcd) + Po (aefg) 
= 1/3x12.5x5x0.5 + 1/3x50x10x0.5 
= 10.43 + 83.30 = 93.73 

M = Moment of load about center line of analogous column 

section. 
M = 10.43x -(4.17-3.75) + 83.30x(7.5-4.17) 
= 277.66-4.38 = 273.28 


= 4.1T' 


The same problem can be solved by the substitution of prismatic solids 
for the solid with parabolic curve, again using the modified method for the 
determination of loads and moments on the analogous column. The solution 
is shown on Figure 3. 

If the modified analogous column section is used, the moment diagram can 
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be determined from M = WX, and the width of the analogous column is equal 
to (x/2 x 1/EI). 
The load on the analogous column will be 


P = Volume P + Volume P 
= 1/3x5x2.5x5 + 5 /4x(1.25x5 + 2.5x10 + ¥156.25 ) 
= 20.80 + 73.0 = 93.80 
M = Moment of load about center of original analogous column 
-20.80x(4.17-3.75) + 73.00x3.86 = 273.26 


In arch analysis the member under consideration is usually one of varia- 
ble cross section. For the determination of stiffness, carry over factors, 
and fixed end moments, due to concentrated or uniform loads, the approxi- 
mate method for final design purposes may not be of sufficient accuracy un- 
less an increased number of segments are used. Since a solution by integra- 
tion is tedious and laborious, either Eney’s method or the Pressure Solid 
method can be used. The selection of method will depend upon the knowledge 
and experience of the analyst. 

One disadvantage of the Pressure Solid method that the writer wishes to 
emphasize is that in order to determine fixed end moments due to concen- 
trated loads at different points on the structure, different pressure solids 
must be used. This requires more time than Eney’s method, in which one 
distortion at the end support will give influence ordinates simply by measur- 
ing the deflection curve of the structure. 

Without regard to the time required for the determination of stiffness, 
carry over factors, and fixed end moments for indeterminate structures by 
the Pressure Solid method, the author is to be congratulated for having 
further explored means of solving for these factors by a unique experimental 
procedure. It is hoped that a paper dealing with application of the method to 
arches will soon be made available. 
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Moments Distribution Constants and Fixed Moments 


GW HW 


Stiffness O.448 0.458 0.010 2.23% 
Stiffness Sz 0.684 0.702 0.018 2.64% 


Carry Over Factor Cap 0.704 0.716 0.012 171% 
Carry Over Factor C,, O.461 0.466 0.005 1.09% 


* Pixed End Mom. Map 6.90 -6.8% -0.06 0.87% 
*Fixed End Mom. May 1.162 1.164 0.002 0.17% 


(1) By exact analyticalfmethod. P.C.A, Handbook of Frame 
Constants 

(2) By approximate method with column analogy. 

(3) Difference of (2) and (1). Error resulting from the 
approximate method. 

(4) Percentage of error in terms of exact analytical method. 


* Fixed End Moment in Kip Ft. 
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TABLE II 


Relative Errors of Moment Distribution Constants and Fixed 
End Moments by Pressure Solid Method and by Cardboard Model 
Method. 


Stiffness 

Carry Over Factor 
Fixed End Moments 
Impressed Distortion 


By Pressure Solid Method. Maximum values used. 


Data from article, Page 816, Engineering News 


R ecord, Dec.12, 1935, “Fixed Ended Moments by 
Not computed in data. 
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MODIFIED ANALOGOUS 
COLUMN 


M=WX =10 


MODIFIED MOMENT 
DIAGRAM 


CENTROIDAL AXIS OF 


ORIGINAL ANALOGOUS 
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Discussion of 
“THE PAINTING OF STRUCTURAL STEEL” 


by E. J. Ruble 
(Proc. Paper 1100) 


LUDWIG ADAMS, 29 M. ASCE.—Mr. Ruble’s paper serves, among other 
things, to focus the structural engineer’s attention on the economic im- 
portance of corrosion protection and to clear away some of the mystery on 
paint and painting. Past poor practice was not due so much to indifference 
to painting as a necessary evil but rather to a general lack of understanding 
of the corrosion problem and a scarcity of correlated reliable data, based 
upon laboratory and field service tests, which could be used in determining 
the best painting system, from the standpoint of annual maintenance cost. 

It is grossly inadequate, and actually negligent, to merely specify, “All 
steel shall be thoroughly cleaned by approved means, shop painted with one 
coat of suitable rust inhibitive primer, and field painted, after erection, with 
one coat of weather resistant paint of a color to be selected by the owner.” 
Typically, the pages of a voluminous specification are often replete with 
much detail on working loads, design stresses, welding or other joining 
processes, qualification of operators, inspection procedures, etc., but paint- 
ing is covered in one impotent paragraph 

How many specification writers have been lulled into low first cost think- 
ing by such panacea as, “Our specially formulated patented primer requires 
no special surface preparation or pretreatment, can be applied directly over 
rust, as on weathered steel, has a coverage of about 600 square feet per gal- 
lon and costs only $3.00 per gallon. It forms a firm base for and can be 
finished with any topcoat but we recommend our coverall enamel which has 
a coverage of about 800 square feet per gallon and does not chalk or fade in 
any normal atmosphere?” Disconcertingly enough the above statement may 
very well be true—but the structure could show extensive rusting within a 
few months in a rural atmosphere. 

Since the engineer’s ultimate purpose is to give the client the most for his 
money, the paint system should be engineered with the same care as the 
functional design of the structure. The paint system should be consistent 
with the intended service, and based upon past experience as modified by new 
developments in improved paint materials and application. Above all it 
should be specified as a complete system, including adequate surface prepara- 
tion, surface pretreatment if necessary, suitable primers, intermediate and 
topcoats, aS many as necessary, and proper application with good equipment 
by trained operators under favorable conditions to required minimum dry 
film thicknesses with correct drying time between the various coats of paint. 

As emphasized by Mr. Ruble, the Steel Structures Painting Council Paint- 
ing Manual, particularly Volume 2, provides the engineer with as much detail 
as he may see fit to use in his specifications but it is entirely adequate to 


29. Research Engr., Pittsburgh-Des Moines Steel Co. 
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select, say, Paint System 1 (SSPC-PS1-55T), to provide the client with a 
complete specification and afford him reasonable assurance that his struc- 
ture will have suitable corrosion protection. 

One of the most important accomplishments of the various SSPC specifica- 
tions is the criterion of performance. It should no longer be necessary, for 
example, for the client to insist that by blast cleaning he meant cleaning to 
“white metal” whereas the contractor assumed and insists “brush-off” clean- 
ing is sufficient for the purpose and based his price upon same. The engineer 
would merely have to specify SSPC-SP6-52T, “Commercial Blast Cleaning” 
and there remains no ambiguity or ground for disagreement. Furthermore 
all contractors would be bidding on the same basis and a more equitable 
contract can be made. Similarly the client’s inspector cannot arbitrarily 
insist on more paint to be applied if his thickness gauge indicates that the 
dry film meets the minimum specified in the contract. 

In addition to being in the Painting Manual, all of the SSPC Specifications 
are available as separates and as such could be made available to inspectors, 
as necessary, to avoid misunderstanding as to performance and acceptance. 
Currently available specifications cover nine on surface prephration, includ- 
ing solvent cleaning, hand cleaning, power tool cleaning, flame cleaning, blast 
cleaning to white metal, commercial blast cleaning, brush-off blast cleaning, 
pickling, and weathering-cleaning. Four pretreatment specifications include 
wetting-oil treatment, cold phosphate treatment, basic zinc-chromate vinyl 
butyral washcoat, and hot phosphate surface treatment. The paint applica- 
tion specification covers shop, field, and maintenance painting. Nine paint 
system specifications include oil base systems for weather exposure, alkyd 
systems for weather exposure, high humidity, and infrequent immersion; 
phenolic systems for fresh water immersion, alternate immersion, high 
humidity and condensation, and weather exposure; vinyl systems for chemi- 
cal exposure, fresh and salt water immersion, alternate immersion, high 
humidity and condensation, and weather exposure; paint systems for hand 
cleaned water immersed steel; one-coat shop paint systems for structural 
steel; rust preventive compounds, thick film; and bituminous coatings in- 
cluding enamels, cold applied mastics, and emulsions. There are also 
twenty specifications covering various primers, intermediate, and topcoats. 

As a convenience, the Painting Manual includes an index of applicable 
A.S.T.M. and U.S. Government specifications on paint and paint materials. 

The final proof of the painting is in its actual service life. Field tests, 
such: as those so well described by Mr. Ruble on railway bridge applications, 
are indispensible as an engineering tool to determine which of several suita- 
ble paint systems are the most economical for a specific structure in a given 
locality. Local service and weather conditions, type of atmosphere, whether 
rural, industrial, or marine, and established paint maintenance policy make 
each application a unique one. There are no general solutions, except very 
expensive but uneconomical ones. The final solution is often one of trial and 
error. Mr. Ruble has pointed out how you can converge toward the final 
solution. 
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Discussion of 
“SIMPLIFIED ANALYSIS OF RIGID FRAMES” 


by Robert M. Barnoff 
(Proc. Paper 1106) 


THEIN WAH,20 A.M. ASCE.—The analysis of bridge piers is generally 
laborious, even in such cases as a two-column pier. Any simplification of 
the procedure should be welcomed by practicing engineers. Mr. Barnoff’s 
formulas and charts should prove a valuable addition to the designer’s 
repertoire. 

However, it is the writer’s opinion that the structural engineering profes- 
sion tends to be overburdened with charts, curves and tables. In many 
instances these aids to analysis are a necessity and the time taken to under- 
stand and use these charts is well worthwhile. The use of such aids ceases 
to be meaningful, however, when extended to cases which might be analyzed 
by well-understood procedures in common use. 

The method presented by the author requires nine charts for the relatively 
simple cases covered in the paper. One can well imagine the multiplicity of 
diagrams that a designer would need to have at hand in order to analyze some 
of the more complicated cases—such as frames with non-prismatic members 
—met with in practice. This is not to be construed as a criticism of the 
paper but it is an essential drawback of the method that has to be pointed out. 

The author states that it is usually necessary to solve at least four moment 
distribution problems for a complete analysis of a frame used as a bridge 
pier. Actually, by using well-known procedures, it is possible to analyze a 
two-column symmetrical frame with no more than two distributions, and a 
three-or four-column symmetrical frame with no more than three distribu- 
tions. Only in the case of a five-column symmetrical frame does one need 
to go through four distributions. The procedure referred to is merely the old 
one of using influence coefficients. 

As an illustration consider the frame in the author’s Fig. 3. All that is 
necessary is to carry out the distributions for the cases shown in Figs. (A) 
and (B): 


In Fig. (A) are shown the balanced moments in the frame for a 100* horizontal 
load; the results are obtained by ordinary moment distribution and the de- 
signer’s sign convention has been used. Fig. (B) shows the balanced moments 
in the frame for a 100k1 external moment applied to joint B. For the sidesway 
correction, the results of Fig. A are used. The moments in Fig. (C) are writ- 
ten down by inspection from the values in Fig. (B). Figs. (A), (B) and (C) 
furnish all the information necessary to analyze any case involving horizontal 
or vertical loads. 

The fixed-end moments due to vertical loads, as given by the author for 
the illustrative example, cause an unbalanced clockwise moment of 123k1 on 


30. Asst. Prof. of Civ. Eng., Univ. of Connecticut, Storrs, Conn. 
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a A 


Fig. (A) Fig. (B) Fig. (C) 


joint B, and an unbalanced counterclockwise moment of 70K1 on joint C. The 
final balanced moment in the column can be written by using the results in 
Figs. (B) and (C) as: 


_ 123 (-18) | _70 (-25) _ 
~ {00° * {00 


This is close to the author’s result of -41k1 (the 611 shown in the author’s 
paper is clearly a typographical error). For the horizontal load of 20K ap- 
plied at the top, the result is, from Fig. (B) 
_ 1000 - 200k1 

Mpa = “j00 x 20 = 200 
For the shrinkage of the cap, the fixed-end moment at the top for the givenA 
s SEIS = 114k1, This is a clockwise unbalanced moment at joint B. 
Similarly a counterclockwise moment of 114K! exists at joint C. Hence, 
from Figs. B and C 


Mpa -40k1 


114 (08) _ 114 (28) 
Mpa = 114 - 359 {00 


= 65k1 


It is evident that Figs. (A), (B) and (C) may be used for any position of the 
live load. They could also furnish influence coefficients for shears in the 
members, if desired. The writer believes they are particularly flexible as 
applied to bridge piers. For example, the AASHO specifications require that 
certain lateral wind forces be applied at a definite height above top of pier. 
Since such forces must cause a horizontal force as well as a couple to act on 
the pier, Figs. (A) and (B) may be combined to give the solution. 
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PROCEEDINGS PAPERS 


The technical papers published in the past year are identified by number below. Technical- 
division sponsorship is indicated by an abbreviation at the end of each Paper Number, the 
symbols referring to: Air Transport (AT), City Planning (CP), Construction (CO), Engineering 
Mechanics (EM), Highway (HW), Hydraulics (HY), Irrigation and Drainage (IR), Power (PO), 
Sanitary Engineering (SA), Soil Mechanics and Foundations (SM), Structural (ST), Surveying and 
Mapping (SU), and Waterways and Harbors (WW) divisions. Papers sponsored by the Board of 
Direction are identified by the symbols (BD). For titles and order coupons, refer to the appro- 
priate issue of “Civil Engineering.” Beginning with Volume 82 (January 1956) papers were 
published in Journals of the various Technical Divisions. To locate papers in the Journals, the 
symbols after the paper numbers are followed bya numeral designating the issue of a particular 
Journal in which the paper appeared. For example, Paper 1113 is identified as 1113 (HY6) 
which indicates that the paper is contained in the sixth issue of the Journal of the Hydraulics 


Division during 1956. 
VOLUME 82 (1956) 


MARCH: 906(WW1), 907(WW1), 908(WW1), 909(WW1), 910(WW1), 911(WW1), 912(WW1), 913 
(WW1)©, 914(ST2), 915(ST2), 916(ST2), 917(ST2), 918(ST2), 919(ST2), 920(ST2), 921(SU1), 
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(SA2), 959(PO2), 960(PO2). 


MAY: 961(IR2), 962(IR2), 963(CP2), 964(CP2), 965(WW3), 966(WW3), 967(WW3), 968(WW3), 969 
(WW3), 970(ST3), 971(ST3), 972(ST3)©, 973(ST3), 974(ST3), 975(WW3), 976(WW3), 977/7R2), 
978(AT2), 979(AT2), 980(AT2), 981(IR2), 982(IR2)°,983(HW2), 984(HW2),,985(HW2)°, 986(ST3), 
987(AT2), 988(C P2), 989(AT2). 


JUNE: 990(PO3), 991(PO3), 992/PO3), 993(PO3), 994(PO3), 995(PO3), 996(PO3), 997(PO3), 998 
(SA3), 999(SA3), 1000(SA3), 1001(SA3), 1002(SA3), 1003(SA3)°, 1004(HY3), 1005(HY3), 1006 
(HY3), 1007(HY3), 1008 (HY3), 1009 (HY3), 1010 (HY3)©, 1011 (PO3)°, 1012 (SA3), 1013(SA3), 
1014(SA3), 1015(HY3), 1016(SA3), 1017(PO3), 1018(PO3). 
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(SA4)°, 1049(SA4), 1050(SA4), 1051(SA4), 1052(HY4), 1053(SA4). 


SEPTEMBER: 1054(ST5), 1055(ST5), 1056(ST5), 1057(ST5), 1058(STS), 1059(WW4), 1060(WW4), 
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